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derUniversiẗatSiegen
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Abstract

Thestudyandcharacterisationofquantumentanglementrepresentsanextendedeffort

withinthefieldofquantuminformation.Thisthesisaddressestwoproblems.Thefirstre-

gardsentanglementinopensystems,whereit’smoredifficulttodefineadichotomic(two

outcome)observableduetopopulationloss. Thesecondproblemconcernsgenuinemulti-

partiteentanglement,thatisentanglementbetweenmanyparticlesinstatesthatcannotbe

separablewithrespecttoanypossiblebipartitionofasystem.

Thefirstchapterconsistsofanintroductiontothebasicelementsofquantummechanics

andquantuminformationtheory. Webrieflydescribeafewhistoricalfactsaboutquantum

mechanicsandthestudyofentanglement,tohelpputthingsintoperspective.

Thesecondchapterisadetaileddiscussionoftheneutralkaonsystem.Theseparticlesare

producedinpairsandaredescribedasaparticle-antiparticlesystem.Thissystemdisplays

someuniquepropertiesliketheviolationofCP-symmetry,andsharessomecharacteristics

withothermesons,suchasneutralparticleoscillationanddecay. Thismakesformulating

Bell-typeinequalitiesforthemmoredifficult,butalsoprovidestheopportunityfornewtests.

Thethirdchaptercontinueswiththepresentationofanalreadyexistenteffectiveformal-

ismforperformingBelltestsonneutralkaons.Theessenceoftheformalismisaswitchtothe

Heisenbergpicture,transferringthetimeevolutionanddependenceonmeasurementdirec-

tionstoaso-calledeffectiveoperator.Thishasmanyadvantages,someofthemostimportant

beingapropernormalizationduringpopulationloss(duetodecay),aneasyapplicationto

thecaseofmultipleparticlesandthefactthatitallowsonetoobserveentanglementwithin

thesystemforarelativelylongamountoftime.Thefinalpartpresentsawaytosimulate

neutralkaonswithatomicsystems,namelywithYtterbiumisotopesanddiscusswhatare

thedifferencesbetweentheseatomicsystemsandneutralkaons.

Thesecondpartofthethesistreatstheproblemofprovinggenuinemultipartiteen-

tanglementfromseparabletwo-bodymarginals. Forthis,anintroductiontosemidefinite

programmingisnecessaryduetothefactthattheproblemunderstudycanbeformulated

intermsofthismethod. Wewillbrieflydiscusslinearandsemidefiniteprogrammingaswell

astheconceptofdualityandprovidesomebasicexamples.

Theformaldescriptionofthisproblemandpreviousresultsareprovidedinthefifth



chapter. Ourresultshowsthat,throughacycliciterationbetweentwoSDPs,oneobtains

stateswiththedesiredproperties.Usingthismethodwemanagedtogouptosixqubitstates

forvariousconfigurations.Fromthiswecanconstructhigher-dimensionalstateshavingthe

sameproperties.



Zusammenfassung

DieStudiumunddieCharakterisierungvonVerschr̈ankunginQuantensystemenistein

besẗandigesZielindemGebietderQuantuminformationstheorie.DieseDissertationwidmet

sichhaupts̈achlichzweiProblemen:EinerseitsdemStudiumvonVerschr̈ankunginoffenen

Quantensystemen,wodieDefinitioneinerdichotomischenObservablenwegenTeilchenverlust

imSystemgewisseSchwierigkeitenbereitet. AndrerseitsuntersuchtesechteMehrteilchen-

Verschr̈ankung, welches Verschr̈ankunginZusẗandenbeschreibt, welchebez̈uglichaller

m̈oglichenBipartitionennichtseparabelsind.

DasersteKapitelf̈uhrtindiegrundlegendenElementederQuantenmechanikundder

Quanteninformationstheorieein. UmdenKontextdarzustellenbeschreibenwirkurzdie

historischeEntwicklungderQuantenmechanikundimSpezifischendiedesPḧanomensVer-

schr̈ankung.

DaszweiteKapitelbeinhalteteinedetaillierteDiskussionvonneutralenKaon-Systemen.

DieTeilchenentsteheninProzessenalsPaare,undlassensichalsTeilchen-Antiteilchen

beschreiben.ZudemzeigendieseSystemeeinigeBesonderheiten,imspeziellendieVerlet-

zungderCP-Symmetrie,undteiltimweitereneinigeMerkmalemitanderenMesonen,wie

zumBeispieldieneutraleTeilchen-OszillationundTeilchenzerfall. AlldiesmachtdieFor-

mulierungvonBell-artigenUngleichenanspruchsvoller,andrerseitsbietetsichdadurchdie

M̈oglichkeitvonneuenExperimenten.

Dasdritte Kapitelpr̈asentiertdenbereitsexistierendeneffektivenFormalismus,um

Bell-ExperimentemitneutralenKaonendurchzuf̈uhren. EinerderHauptaugenmerkedes

Formalismusistder Wechselins Heisenberg-Bild, welchesdieZeitentwicklungunddie

Abḧangigkeitenzuden MessrichtungungenindensogenannteneffektivenOperatorver-

schiebt. DieshatvieleVorteile,wobeialseinerderwichtigstendiekorrekteNormierung

bez̈uglichTeilchenverlustist. WeiterhinvereinfachtdiesdieAnwendungaufMehrteilchen-

Verschr̈ankungundgibtdie M̈oglichkeiteinerverl̈angertenBeobachtungsdauer. Zuletzt

wirddiskutiert,wiesichneutraleKaonendurchatomareSysteme,namentlichdurchYtter-

biumIsotope,simulierenlassen,bevorUnterschiedezwischendiesenatomarenSystemenund

neutralenKaonener̈ortertwerden.

DerzweiteTeilderDissertationuntersuchtdasProblem,echteMehrteilchen-Verschr̈ankung



nurdurchseparablezwei-TeilchenMarginalienzuzeigen. Wirf̈uhrendazuindieMethode

dersemidefiniteProgrammierung(SDP)ein,unddiskutierernsowohllineareundsemidefi-

niteProgrammierungalsauchdasKonzeptderDualiẗat. Weiterhingebenwireinigeeinfach

Beispiele.

EinedetaillierteDarstellungdiesesProblemssowiebereitsbekannteHerangehensweisen

erscheinenimf̈unftenKapitel. UnserResultatzeigt,dasseinezyklischeIterationzwis-

chenzweisemidefinitenProgrammeneinenZustandfindet, welcherecht mehrteilchen-

verschr̈anktist,jedochseparablezwei-Teilchen Marginalienhat. Durchdiese Methode

findenwirZusẗandemitvonbiszusechsqubits,welchedieseEigenschaftenhaben. Aus

diesenk̈onnendannwiederumḧoherdimensionaleZusẗandegebildetwerden,welcheauch

separablezwei-TeilchenMarginalienaufweisen,jedochechtmehrteilchen-verschr̈anktsind.
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I. Introduction

Sinceitsbeginnings,atthestartofthe20thcentury,quantummechanicshasexpanded

toencompassalargearrayofdomainswithinphysics.Almosteveryfieldofmodernphysics

hasquantumlawsatitsfoundationsorisanextensionofanalreadyexistentclassicalfield

tothequantumrealm.

Bythethirddecadeafteritsbirth(commonlyassociatedwithMaxPlanck’spublicationof

hisblack-bodyradiationlaw,in1901),quantummechanicshadalreadymanagedtoexplain

muchoftheexistingphenomenology.Itwentontoexplainatomicandnuclearstructures

andultimatelybecomethefoundationofthestandardmodelofparticlesandinteractions.It

alsofoundmorepragmaticapplications,likeinthestudyofsemiconductors,bringingwith

themarevolutioninautomationandinformationtechnology.

Inspiteofitshugesuccesses,however,quantummechanicshasalsoleftopenfundamental

questions,withwhichphysicistshavestruggledforthelasthundredyears. Whatexactly

doestheword”measurement”meanwithinaquantummechanicalcontext? Whyisthe

macroscopicworldbehavinginaclassicalway?(followingtherulesofclassicalnotquantum

physics)Isthequantumstaterealorjustamathematicalobject?Anumberofunanswered

questionswerenottheonlyproblemsphysicistshadtodealwith.quantummechanicsseemed

todisplayaseriesofstrangebehaviourslikewave-particledualityand,non-locality.

ThePrincipleofLocalitystatesthattwospatially-separatesystemscaninteractwitheach

otheronlythroughamediator(fieldorparticle),andthattheinteractionhasafinitespeed.

Thustherecannotbeanyinstantaneousactionatadistance.Inaseminalpaperin1935,

Einstein,PodolskyandRosen[19],togetherwithlaterworkbyBell[2],haveshownthat

QuantumMechanicsmightnotbealocaltheory,asweshallseeinthenextsection.

A. TheEPRArgument

Duetoitsnon-classicalpredictions,variousaspectsofthetheorywereunderscrutinyfrom

theverybeginning.Intheir1935paper,Einstein,PodolskyandRosen[19]soughttoprove

thatthephysicaldescriptionofasystem,givenbythequantumwave-functioncannotbe

complete.Beforedescribingtheirargumentindetail,wemustfirstgivetwodefinitions.
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DefinitionI.1. Atheoryisconsideredcompleteifeveryelementofphysicalrealityhasa

counterpartinthetheory.

DefinitionI.2.Ifthevalueofsomephysicalquantitycanbepredictedwithcertainty,without

disturbingthesystem,thentothatquantitytherecorrespondsanelementofphysicalreality.

First,onecanconsiderthecaseofasingleparticle.Taketwoincompatibleobservables,

saypositionxandmomentump.Onecanmeasureeitherxorp,butnotbothatthesame

time.Thisbringsforthtwopossibilities:

•ifbothxandparereal,thenthewavefunctionψisnotacompletedescriptionofthe

system’sstate.Saytheobservermeasuresthepositionoftheparticle.Thenhedoes

notnowpreciselythevalueforthemomentum,eventhoughthemomentumitselfisan

elementofphysicalreality.

•onlythemeasuredobservable,sayxisreal,andtheotheriscreatedatthemomentof

measurement.Thiscouldleadonetoconcludethatψiscomplete.

Inordertogoonestepfurther,thediscussionissimplifiedif,insteadofthecontinuous

observablespositionandmomentum,wechoosetwospindirections,correspondingtoσzand

σx.Thenwecaneasilywritedownthestateforthetwoparties(fromnowon,keepingwith

convention,thetwoexperimenterswillbereferredtoasAliceandBob).

|ψAB =
1
√
2
(|0A,1B +|0B,1A). (1)

SupposeAlicemeasuresthespinalongσzonherqubit.Shethemimmediatelyknows

thatBob’squbitisineithera|0ora|1state,dependingonhermeasurementoutcome.

If,however,Alicechoosestomeasureσx,thensheknowsBob’squbitisinoneofthetwoσx

eigenvectors,

0Bx =
1
√
2
(0B + 1B ),

1Bx =
1
√
2
(0B − 1B ).

(2)

Byherchoiceofeithertheσzorσxobservable,Alicecanpredictoneoftwoincompatible

propertiesofBob’squbit. DuetothefactthatthetwoPaulioperatorsdonotcommute,

2
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FIG.1:Anticorrelationsinarbitrarydirectionswithoutquantummechanics.

hencetheyhavenocommoneigenstates,thereisnoquantumstatehavingwell-definedvalues

forbothσzandσx.Thus,thereneedtobeatleasttwodistinctwavefunctionsdescribing

whatseemstobethesamesituation1,hencethewavefunctionisanincompletedescription

ofphysicalreality.

Assumption1.Intheaboveargumentitwasassumedthattheprincipleoflocalityholds,

meaningthatmeasurementsononeparticledonotinstantaneouslyleadtoachangeinthe

stateofthesecondparticle.

Asweshallsee,keepingthislineofreasoningwillleadtoacontradiction.

Notethat,contrarytothecommonmisconceptionthatanticorrelationsinarbitrarydi-

rectionsareaprofoundlyquantummechanicalphenomenon,theycanbeentirelyreproduced

withinclassicalphysics.Considerthecaseoftwospinningtopsintwoboxes(Fig.1),prepared

suchthattheirangularmomentahaveoppositedirections.Bydefininga”spin”operatorfor

anyarbitrarydirectiona,

S(a)=sign(a·L), (3)

weobtainperfectanticorrelationsinarbitrarydirectionswithoutquantummechanics.

AfirstanswertoEPRwasgiventhesameyearbyBohr[7].Bohr’smainfocuswasfirst

oncriticizingtheEPRdefinitionof”reality”andsecondonarguingthat,whilemeasuring

onlyoneobservable,sayxorpononeparticle,onlythecorrespondingobservableofthe

otherparticlecanbereal.TheissueisthatBohrdoesnotalsodiscussanyinfluencebetween

theparticles,whichseemstobeimplied,ifBob’sparticle”knows”whichmeasurementwas

performedbyAlice.

1Bothσzandσxareelementsofphysicalreality,sinceAlicecanpredictthestateofBob’squbitwithout

disturbinghissystem,inaccordancewithDefinitionI.2.
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FIG.2:Two-partybasicsetupforBellinequalities.AliceandBobcanperform

measurementsontwoobservableseachandtheresultsofanymeasurementcanbe±1.

B. LocalHiddenVariablesandBellInequalities

Wewilltrynowtomakequantummechanicscomplete,intheEPRsensebyadding

extraparametersthat,thoughnotaccessibletotheexperimenter,helpthewavefunction

describethefullpropertiesofthesystem.Suchatheoryiscalleda”hidden-variabletheory”,

andtheinaccessibleparametersarecalled”hiddenvariables”.Furthermore,becauseitseems

reasonabletoexpectthatthecompleteversionofquantummechanicsmustalsobecompatible

withthetheoryofspecialrelativity,theprincipleoflocalitymustalsohold.Thereforewe

addresshereaclassoftheoriesknownas”localhidden-variabletheories”,andweshallseethat

thesetheoriesarenotcompatiblewithexperimentalpredictions.Inthis,andthefollowing

sectionsonentanglementandentanglementwitnesses,weshallmainlyfollowRef.[24].

ConsiderthesituationdepictedinFig.2.AliceandBobperformsimultaneousmeasure-

mentsonfourquantities,A1andA2forAliceandB1andB2forBob,Mtimes.Themea-

surementoutcomeswillbelabelledbya1,a2,b1andb2,respectively.Theexpectationvalues

cansimplybeobtainedbyaveragingtheresults

Ai,Bj =
1

M

M

k=1

ai(k)bj(k). (4)

Iftheprobabilitiesfortheoutcomescanbewrittenas

p(a+1,b
−
2)=p(a1=+1,b2=−1), (5)

thenonecanwritetheexpectationvaluesas

AiBj =p(a
+
i,b

+
j)−p(a

−
i,b

+
j)−p(a

+
i,b

−
j)+p(a

−
i,b

−
j). (6)

4



OnecannowintroducetheideaofaLocalHidden-Variablemodel(LHV).Twoassump-

tionsneedtobemade:first,themeasurementresultsshouldbeindependentofwhetherthey

areactuallymeasuredornot(thiscorrespondstotherealityassumption),second,Alice’sre-

sultsshouldnotdependonBob’schoiceofobservablesandvice-versa(localityassumption).

Withtheaboveinmind,onecanmakeanansatzfortheprobabilities

p(aαi,b
β
j)= dλp(λ)Aλ(a

α
i)Bλ(b

β
j), (7)

whereαandβdenotethepossibleoutcomes±1andλisthehiddenvariable,occurring

withprobabilityp(λ). TheresponsefunctionAλ(a
α
i)Bλ(b

β
j)factorizesduetothelocality

assumption. OnecanalwaysassumeanLHVmodeltobedeterministic(i.e.foragiven

lambda,Aλ(a
α
i)andBλ(b

β
j)takeonlythevaluesof0or1). Anondeterministicmodel

correspondstoadeterministiconewhereλisnotknown[42,54].

In1964,Bell[2]showedthatthereareboundsonthecorrelationsoftheseprobabilities.

Wepresenthereaslightlymoregeneralbound,obtainedbyClauserandHorne[13],

p(a−1,b
−
1)+p(a

+
1,b

−
2)+p(a

−
2,b

+
1)−p(a

−
2,b

−
2)≥0. (8)

Fromthis,onecanderivetheClauser-Horne-Shimony-Holt(CHSH)inequality[14,15],

A1B1 + A2B1 + A1B2 − A2B2 ≤2. (9)

Itisimportanttonoticethat,whilederivingEq.(9),therewerenonotionsofquantum

mechanicsinvolved,sowemustnowplacetheCHSHinequalityinaquantumcontext.

Considerthetwoexperimenters,AliceandBob,eachhavingaspin-1
2
particle,onwhich

theycanperformthemeasurementsAiandBj,correspondingtomeasuringthePaulispin

operatorsσxandσy,respectively.Onemaynowwritetheinequalityinoperator(orwitness)

formbydefiningaBelloperator

B=A1⊗B1+A2⊗B1+A1⊗B2−A2⊗B2. (10)

Therearequantumstatesthatviolatethisinequalityandgiveavalueof2
√
2,theso-called

Tsirelsonbound[12],whichcanalsobeshowntobethemaximalviolationfortheCHSH.
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Forachoiceofobservables

A1=−σx

A2=−σy

B1=
(σx+σy)

2

B2=
(σx−σy)

2

(11)

thestatewiththehighestviolationoftheCHSHinequalityistheeigenstateoftheBell

operatorB,correspondingtothelargesteigenvalue,

|ψ =
1
√
2
(|01−|10), (12)

alsoknownasthesingletstate.

WehaveseenthatquantummechanicsviolatesBellinequalitiesandthisisduetothefact

thatoneofthetwoassumptionsinitiallymade,realityorlocality,iswrong.Itisnotatall

obviouswhichone.Removingtherealismconditionsandmakingcertainassumptionsonthe

correlationfunctionsAi,Bj,itispossibletoderiveBell-typeinequalities[31].Conversely,

onecankeeprealismandremovethelocalityassumption,obtaininganon-localtheorycom-

patiblewithquantummechanics,suchasBohmianmechanics.Foramoredetaileddiscussion

seeRef.[24].

C. ADifferentKindofBellInequality

OneBell-typeinequalitywewillbefocusingoninlaterchapterswasinitiallyproposedby

C.Sliwa[46]andshownbyD.CollinsandN.Gisin[17]nottobeequivalentwiththeCHSH.

ForbrevityweshallcallthistheSliwa-Collins-GisininequalityorSCG.

Thisisatwo-partythree-settinginequalityoftheform

A1 + A2 + B1 + B2 + A1B1 + A1B2 + A2B1

+A2B2 + A3B1 − A3B2 + A1B3 − A2B3 ≥−4.
(13)

Herethe Ai andBj shouldbeunderstoodasAi⊗1 and1⊗Bj,respectively.This

meansthatthecorrelationfunctionsbelongtothecasewhereonlyoneoftheobservers

performsameasurement.

6



InRef.[17],anexamplestatehasbeengiven

ρ=0.85P|ψ +0.15P|01, (14)

whereP|ψ istheprojectorcorrespondingtothestate

|ψ =
1
√
5
(2|00+|11), (15)

andP|01=|01 01|.ThisstatedoesviolatetheSCGinequalitybutnottheCHSH,proving

thatthereisaclassofstateswhichareonlydetectedbytheSCG,thusthetwoBell-type

inequalitiesarenotequivalent.

D. ViolationofBell-typeInequalitiesandEntanglement

ViolationofBell-typeinequalitiesdirectlyimpliesentanglement.Beforeexplainingthis,

itwouldbeappropriateheretogiveaformaldefinitionofentanglement.

DefinitionI.3. Letρbethedensitymatrixofabipartitesystem.ρisaproductstateif

ρ=ρA⊗ρB,whereρAandρBarethereduceddensitymatricesforAliceandBob,respectively.

Furthermore,iftheglobalstatecanbewrittenasρ= ipiρ
i
A⊗ρ

i
B,thestateiscalled

separable,where ipi=1andpi≥0foralli.

DefinitionI.4.Astatethatisnotseparableiscalledentangled.

Westatedabovethatanyseparablestatecanbewrittenintheform

ρ=
i

piρ
i
A⊗ρ

i
B. (16)

ThecorrelationfunctionforbipartitemeasurementsAiandBjwillthusbegivenby

AiBj =
k

pkTr(Aiρ
k
A)Tr(Bjρ

k
B). (17)

Definingtwooperators

Uk(Ai)=Tr(Aiρ
k
A),

Bk(Bj)=Tr(Bjρ
k
B),

(18)

7



leadstothefollowingformofthecorrelationfunction

AiBj =
k

pkUk(Ai)Bk(Bj), (19)

whichisexactlythecaseofLHVmodels(SeeEq.(7)).Thismeansthat,ifaquantumstate

violatesaBell-typeinequality,itcannotbeaseparablestate,henceit’sentangled. The

oppositeisgenerallynottrue,Bellinequalitiesarenotoptimalentanglementwitnesses,so

thereexistentangledstatesthattheydonotdetect[24].

E. PartialTranspositionandaCriterionforEntanglementDetection

Inthefollowing,wewillbrieflypresentanentanglementdetectioncriterion,knownas

thepositivepartialtranspose(PPT)criterion.Itisworthmentioningthatthereisalarge

numberofentanglementcriteriaavailableintheliteraturebutwerestrainourdiscussiononly

towhatwillbeapplicableinlaterchapters.

Anydensitymatrixofacompositesystemcanbeexpandedas

ρ=
N

i,j

M

k,l

ρij,kl|ij|⊗|k l|, (20)

intermsofsomechosenproductbasis.

DefinitionI.5.Thepartialtranspositionofρisdefinedasthetranspositionwithrespectto

oneofthesubsystems.Itseffect,onAlice’ssystem,isdescribedbyρTA = N
i,j

M
k,lρji,kl|ij|⊗

|k l|andonBob’ssystem,ρTB = N
i,j

M
k,lρij,lk|ij|⊗|k l|.

AusefulpropertyofthepartialtransposeisthatρT=(ρTA)TB,orρTB =(ρTA)T.

DefinitionI.6. Adensitymatrixρhaspositivepartialtranspose(orsimply,isPPT)if

ρTA ≥0or,equivalently,ρTB ≥0.

NowwearereadytostatethePeres-Horodeckicriterion(alsoknownasthePPTcriterion)

[41].

TheoremI.1.Ifρisabipartiteseparablestate,thenρisPPT.

Proof.Ifρisseparable,itcanbewrittenasρ= kpkρ
k
A⊗ρ

k
B.Takingthepartialtranspose

ofthis,withrespecttoAlice’ssystem,givesρTA = kpk(ρ
k
A)
T⊗(ρkB)= kpkρ̃

k
A⊗ρ

k
B.

8



Ingeneral,theconverseofthisisnottrueinhigherdimensions.Inlaterchapterswewill

bedealingwith2×2systemsand,inthisspecialcase,thefollowingtheorem,knownasthe

Horodeckitheorem[25]holds.

TheoremI.2.Ifρisastateofa2×2or2×3system,ρTA ≥0impliesseparability.

F. Entanglement Witnessesand MultipartiteEntanglement

Whileitisnotthepurposeofthissectiontogiveanin-depthreviewofentanglement

witnessesandtheirconstruction(forthatsee,forexampleRef.[24][26]),wewillgivehere

theformaldefinitionofanentanglementwitnessand,attheendofthesection,discussan

importantclassofwitnessescalledfully-separablewitnesses,thatwillproveimportantlater

on.

DefinitionI.7.AnobservableW iscalledanentanglementwitness(orjustwitness)if

Tr(WρS)≥0 ∀ρS separable,

Tr(Wρe)<0 foratleastoneentangledρe.
(21)

Animportantremark,statedherewithoutproof(forproofseeRef.[25])isthatforany

entangledstateρethereexistsawitnessthatdetectsit.

Asanexample[24]ofatwo-qubitentanglementwitness,onecaneasilybeconstructedby

usingthePPTcriterion.ConsiderastateρewhichisNPT(negativepartialtranspose),hence

itdoeshaveanegativeeigenvalueλ−<0towhichtherecorrespondsaneigenvector|η.The

witnessW =|η η|TAdetectsρesinceTr(Wρe)=Tr(|η η|
TAρe)=Tr(|η η|ρ

TA
e)=λ−<0.

Inordertogeneralizeentanglementtothemultipartitecase,wemustfirstlookattwo

typesofpurestatesforathree-qubitsystem.Thefirsttypeisgivenbyfullyseparablestates,

whichcanbewrittenas

ψfs =|αA ⊗|βB ⊗|γC , (22)

whilethesecondrepresentsbiseparablestates,

ψbs =|αA ⊗|δBC , (23)

9



FIG.3:GraphicalrepresentationofthesetsofbiseparablestatesandPPTmixtures.

(Picturereproducedfrom[29])

withrespecttobipartitionA|BCofthesystem.

Inthecaseofmixedstates,astateρABCissaidtobeseparablewithrespecttoabipartition

A|BCifitcanbewrittenasamixtureofproductstates,withrespecttothebipartitionA|BC

ρsepA|BC=
k

qkφ
k
A φkA ⊗ ψ

k
BC ψkBC . (24)

Iftheglobalstateofthesystemcanbewrittenas

ρbs=p1ρ
sep
A|BC+p2ρ

sep
B|AC+p3ρ

sep
C|AB (25)

itisknownasbiseparable.Nowwecanproceedwithdefininggenuinemultipartiteentangle-

ment.

DefinitionI.8.Ifastateisnotbiseparable,thusitcannotbewrittenintheformofEq.(25),

thenitisgenuinelymultipartiteentangled.

Onelastclassofstatesweneedtolookatisrepresentedbytheso-calledPPT-mixtures.

Similarlytobiseparablestates,astatethatcanbewrittenas

ρpmix=p1ρ
ppt
A|BC+p2ρ

ppt
B|AC+p3ρ

ppt
C|AB (26)

intermsofstatesPPTwitheverybipartitionofthesystem,areknownasPPTmixtures.The

reasonfordiscussingPPT-mixtureshereisthat(seeFig.3)PPT-mixturesincludebiseparable
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states,thus,ifastateisnotaPPT-mixture,itcertainlyisgenuinelymultipartiteentangled.

ItismucheasiertoprovethatastateisnotaPPT-mixture,duetotheeaseofimplementation

ofthePPTcriterion,thantoprovethatthestateisnotbiseparable.

Inthelastpartofthissection,aclassofentanglementwitnessesispresented,thatproves

usefulinthecaseofPPT-mixtures.Foratwo-particlecase,AandB,awitnessW iscalled

decomposableifitcanbewrittenintermsoftwopositivesemidefiniteobservablesPandQ

(P≥0andQ≥0)as

W =P+QTA, (27)

whereTA representsthepartialtransposewithrespecttosubsystemA.Ifonegeneralizes

thisdefinitiontoamultipartitecase,namely,awitnessthatcanbewrittenas

W =PM +Q
TM
M , (28)

foranybipartitionM|̄M,ofthesystem,thenthewitness Wiscalledfullydecomposable.

TheoremI.3.IfρisnotaPPTmixture,thenthereexistsafullydecomposablewitness W

thatdetectsit.TheproofcanbefoundinRef.[29].

G. ApplicationsofEntanglement

Inthissectionwewilldescribetwosuchapplications,oneisquantumcryptography,more

exactlytheproblemofsecurelydistributingaprivatekey(aproblemalsoknownasquantum

keydistribution)betweentwoparties,andasecondapplicationisthequantumteleportation

scheme,usedtotransmitaqubitstatebetweenthesametwoparties.

1. QuantumKeyDistribution

OneofthefirstkeydistributionprotocolsinquantuminformationwastheBB84protocol

[3].Itconsistsoftwoobservers,AliceandBob,sharingaprivatekeyoverapublicchannel,as

partofaprivatekeysystem.Theprotocolalsoallowsthetwotoverifyiftheircommunication

hasbeeninterceptedbyaneavesdropper,aptlynamedEve,thuscompromisingtheirsecurity.

OnerequirementfortheimplementationoftheBB84protocolisthatAliceandBobcan

exchangequbitsoverapublicchannel,withanerrorratethatissufficientlysmall.

11



StringValuesbk=0bk=1

ak=0 |↑ |

ak=1 |→ |

TABLEI:Alice’sencryptionruleintheBB84protocol.

Todescribethescheme,weprimarilyfollowthederivationsfromRef.[1,37].Alicebeginns

withtwostringsofrandomclassicalbitsaandb,ofequallength.Sheencodeseachbitina

as{|0,|1},ifthecorrespondingbitinstringbis0and{|+ ,|−},ifthecorrespondingbit

instringbis1,where

|+ =
1
√
2
(|0+|1),

|−=
1
√
2
(|0−|1),

(29)

aretheeigenvectorsofthePauliσX matrix.

Aftertheencodingoperation,Aliceisleftwiththestate

|ψ =
k

|ψakbk , (30)

withakbeingthek-thbitofstringa,whichcanbeinoneofthefourpossiblestates

{|0,|1,|+ ,|−}. Considernowtwophotonpolarizationbases{|↑,|↓},representing

verticalandhorizontalpolarizationand{| ,| },representingapolarizationbasisro-

tatedby45degreeswithrespecttothefirstone. WedenotethetwobasesasZ={|↑,|↓}

andX={| ,| },andweidentifythefourbasisvectorswiththeeigenketsofthePauli

σzandσx,respectively.

Thus,thevalueofthek-thbitinstringb,saybk,givesthechoiceofbasis(ZorX)for

encodingthek-thbitinstringa,ak.Init’sturn,thevalueofthecorrespondingakbitgives

theketthatAlicewilluseduringtheencodingprocess. Tomakethisclearer,therulefor

Alice’schoiceofketsisdescribedinTableI.

Afterobtainingherencryptedstate,AlicesendsittoBob.Since,atthispoint,Bobhas

noknowledgeofstringb,allthecandoismeasureallthequbitsreceivedfromAlice,and

changingthemeasurementbasisbetweenZandXrandomly.ItisonlyafterBobannounces
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thathehasperformedallthemeasurements,thatAlicemakesstringbpublic.Thissequence

ofstepsisessential.AliceandBobnowdiscardallbitsinstringsaanda(whereaisthe

stringrepresentingBob’smeasurementresults)inallcaseswhereBobmeasuredinadifferent

basisfromAlice.Theyarethusleftwithtwoidenticalstrings,representingtheirprivatekey.

Alaststeptobecarriedoutintheprotocolensuresthesecurityofthetransmission,

determiningwhetherornotaneavesdropper,aptlynamedEve,managedtointercepttheir

message.Duetobasicpostulatesofquantummechanics,ifEveobservesthequbits,shewill

inevitablydisturbtheirstate. OneotheroptionforEvewouldbetointerceptthequbits

fromAlice,makeaperfectcopyofeachone,thensendthem,intheiroriginalstate,toBob.

Howeverthisisimpossibleduetotheno-cloningtheorem[55].

Onaverage,AliceandBobwouldchooseadifferentbasis50%ofthetime.Becausean

eavesdropperwouldhavethesameprobabilityofgettingAlice’schoicesofbaseswrong,if

Bobobservesthattheprobabilityofamismatchinasubsetofthestringofhismeasure-

mentresults,withAlice’sencryptionchoicesisaround25%,thiswouldmeanthatEvehas

interceptedthemessageandtheprivacyofthekeyhasbeencompromised.

a. TheEPRProtocol

AnimportantpointabouttheBB84protocol[37]relatestothesourceoftheprivatekey.

LetAliceandBobsharenentangledstates

|ψ =
1
√
2
(|00+|11), (31)

whichhaveeitherbeenpreparedbyoneofthepartiesandthenhalfofeachpairhasbeen

distributedtotheother,orallpairshavebeenpreparedbyathirdpartyanddistributedto

thetwoexperimenters.

AfterusingaBell-typeinequalitytocertifythatthestatesarestillentangled,theycan

beusedforkeydistribution.Theprocedurewouldgolikethis

•Alicegeneratesaclassicalstringofbitsb,andaccordingtoeachvalueofthebitsin

thisstring,shemeasuresherhalfoftheEPRpairs,intoeithertheZortheXbasis,

obtainingastringa.

13



QuantumChannel(EPRpair)

A1 A2 B

BobAlice

ClassicalChannel

{MeasurementofB

FIG.4:Schemeofthequantumteleportationprotocol.

•BobdoesthesameonhissideoftheEPRpair,obtainingastringa,byrandomly

choosinghismeasurementbasesaccordingtothevaluesofastringofbitsb.

•Bothexperimenterscommunicatethevaluesofbandbandremoveallinstancesina

anda,forwhichbk=bk.

•Theprivatekeyisrepresentedbythecommonresultingstring.

WhatisinterestinghereisthatthiskeyisonlygeneratedafterbothAliceandBobperform

theirmeasurementsontheEPRpairs,suchthatonecannotsaytheprivatekeyoriginated

fromoneofthetwoparties.

2. QuantumTeleportation

Asecondapplicationofentanglementwedescribehereisaprocedureaptlynamedquan-

tumteleportation.Thepurposeofthistechniqueisthetransmissionofapreviouslyunknown

qubitstatebetweentwoexperimenters. Thesetupisasfollows:twoexperimenters,Alice

andBob,shareanentangledEPRpairandaclassicalcommunicationschannel.Alicemust

sendthestateofathirdparticle,inherpossession,toBob. Asreference,seeRef[1]and

[37],herewewillmostlyfollowtheformer.

Aspreviouslymentioned,AliceandBobshareanEPRpair,denotedhereasbeingcom-

prisedoftheparticlesA2andB(seeFig.4).Theyareintheentangledstate

|ψA2B =
1
√
2
(|0A2|1B+|1A2|0B). (32)

AliceperformsonparticlesA1andA2ameasurementoftheoperator
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B=σ1·a(σ2·b+σ2·b)+σ1·a(σ2·b−σ2·b), (33)

whichisnothingmorethantheCHSHinequalityinoperatorform.TheeigenbasisofBis

theBellbasis,

ψ− =
1
√
2
(|0|1−|1|0),

ψ+ =
1
√
2
(|0|1+|1|0),

φ− =
1
√
2
(|0|0−|1|1),

φ+ =
1
√
2
(|0|0+|1|1).

(34)

ConsidernowthatthestateofparticleA1,whichAliceintendstotransmittoBob,is

|A1 =a|0+a|1. (35)

Wecanwritethetotalthree-particlestateintheform

|ψAB =
a
√
2
(|0A1|0A2|1B−|0A1|1A2|0B)

+
a
√
2
(|1A1|0A2|1B−|1A1|1A2|0B).

(36)

ThiscanbefurtherrewrittenintheBellbasisas

|ψAB =
1
√
2
ψ−

A1A2
(−a|0B−a|1B)

+ ψ+
A1A2
(−a|0B+a|1B)

+ φ−
A1A2
(a|1B+a|0B)

+ φ+
A1A2
(a|1B−a|0B).

(37)

AfterperformingherBellmeasurementsonparticlesA1andA2,Aliceendsupwithone

ofthefourpossibleBellstates,whileBobobtainsthecorrespondingpurestate.Now,Alice

mustuseaclassicalchanneltoinformBobofwhichofthefourstatessheobtained.Then,in

ordertorecoverthestate|A1,Bobhastoperformoneofthefollowingunitaryoperationson
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hisstate:U1=−1,U2=−σZ,U3=σX andU4=−σXσZ,dependingonthestateobtained

byAlice.

Therearetwoimportantremarkshere.First,quantumteleportationdoesnotallowfor

faster-than-lightcommunication,sincethetwopartiesrequireaclassicalchannelforthe

schemetowork.Indeeditcanbequiteeasilyshown(see.Ref.[37]section2.4.3)that,inthe

absenceofaclassicalchannel,noinformationcanbetransmitted.

Thesecondremarkrelatestothefactthatitmightseemtheschemeproducesacopy

ofthepreviouslyunknownstateofparticleA1.Ifthisweretrue,itwouldgoagainstthe

predictionsoftheno-cloningtheorem[55],however,itdoesnot.UponperformingtheEPR

measurementonparticlesA1andA2,AlicedestroysthestateofparticleA1,whichjustgets

projectedontooneoftheeigenstatesofσz.Thus,nocopyoftheunknownstateisactually

produced.

H. OpenQuantumSystems

Everyquantumsystemisincontactwithsomeenvironment,andbecauseofthis,one

needstoprovideawaytodescribetimeevolution,takingtheenvironment(orreservoir)into

account.Isolatedsystemsevolveintimeinaunitaryfashion,apurestatewillalwaysbe

mappedtoanotherpurestate.Foropensystems,thisisnotthecase.Aninitialpurestate

willevolveintoamixedstate.Inwhatfollows,abriefpresentationofopensystemsisgiven.

Formoredetail,someusefulreferencesare[1,10].

1. DecoherenceandDephasing

Twophenomenaappearwhenaquantumsystemisincontactwithanenvironment(or

reservoir):decoherenceanddephasing.Theybothaffecttheoff-diagonaltermsofthesys-

tem’sdensitymatrix.Inthefollowing,asimpleexample[1]willbegiventoillustratethe

effectsofthetwophenomena.

ConsiderasystemSincontactwithitsenvironmentE.Forsimplicity,letSbeatwo-level

system,describedbyastatevectoroftheform

|ψ =c0|0+c1|1. (38)
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Theenvironment’sstatecanbeexpandedintermsofanarbitrarybasis

|E=
n

an|en , (39)

andthestateofthetotalsystem(S+E)isthus

|φ=|ψ|E. (40)

Aftertheinteractionthisseparabilitywillbelostandthetotalstatewillbeoftheform

|φ =c0|0|E0 +c1|1|E1, (41)

where|E0,|E1 aregenerallynon-orthogonalstatesofthereservoir.

Thedensitymatrixcorrespondingtothisstateisthen

ρSR=|c0|
2|0 0|E0 E0|+|c1|

2|1 1|E1 E1|

+c0c
∗
1|0 1|E0 E1|+c1c

∗
0|1 0|E1 E0|,

(42)

andonecancalculatethereduceddensitymatrixofSbytracingouttheenvironment,

ρS=




|c0|

2 c0c
∗
1E1|E0

c1c
∗
0E0|E1 |c1|

2



 (43)

Theoff-diagonalelementsarethusreducedbyafactorof|E1|E0|.Themore|E0 and|E1

getclosertobeingorthogonal,thesmallertheoff-diagonalelementstendtobecome.

Duetotheenvironment’srandomfluctuations,anotherphenomenoncalleddephasing

manifestsitself.Forsimplicity,resortagaintotheexamplefromRef.[1].Supposethat,after

interactingwiththeenvironment,thestateofScanbewrittenas

|ψ =c0|0+c1e
iφ|1, (44)

whereφissomerandomphase.Inthecaseoflargefluctuations,theoff-diagonaltermsonce

moretendtozero,thistimeduetothefactthat eiφ=0.
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2. DynamicsofClosedSystems

Beforeconsideringthetimeevolutionofopenquantumsystemsitisusefultoquickly

sketchthesimplersituation,namelyforclosed(orisolated)quantumsystems.

TheevolutionofapurestateisgivenbytheSchr̈odingerequation(wherewedropthe

termforsimplicity)

∂

∂t
|ψ(t)=−iH(t)|ψ(t), (45)

withtheformalsolution

|ψ(t)=U(t,t0)|ψ(t0), (46)

Thetimeevolutionforaclosedsystemisunitaryandwecanwritetheunitarytime

evolutionoperatorintermsoftheHamiltonianas

U(t,t0)=T←−exp[−i
t

t0

dsH(s)], (47)

andU†U=UU†=1. HerewehaveusedthenotationfromRef.[35]. Thetime-ordering

operatorT←− ordersproductsofunitaryoperatorsinatime-dependentway,suchthatthe

operatorscontainingtheearliesttimesaretotherightoftheproduct(i.e.theyactfirston

thestatevector).

Inthecaseofatime-independentHamiltonian,onecanwritetheunitaryoperatorina

simplifiedway

U(t,t0)=exp[−iH(t−t0)]. (48)

Formixedstates

ρ(t)=
n

pn|ψn(t) ψn(t)|, (49)

timeevolutionisgivenbytheLiouville-vonNeumannequation

∂

∂t
ρ(t)=−i[H(t),ρ(t)]. (50)
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3. DynamicsofOpenSystems

Havingreviewedthetimeevolutionequationsforclosedsystems,wewanttoextend

thistothemoregeneralopensystemcase. Openquantumsystemsconsistofasystemof

interest(denotedsofarasS)andanenvironmentwithwhichitisincontact(denotedas

E).Ingeneral,thetimeevolutionofSisnotunitaryandwewillneedtomakeanumberof

approximationstoobtainausabletimeevolutionequation. Wewillfollowthederivationsof

Ref.[35],butoneshouldalsoconsiderRef.[10,45]

ThetotalHilbertspaceofthecombinedsystem(S+E)is

H=HS⊗HE, (51)

sowewillbeconcernedwithfindinganequationforthereducedstate(thestateofS),thus

wetraceouttheenvironment

ρS(t)=TrE(ρ(t)), (52)

whereρ(t)istheglobalstate.Suchanequationwillbeknownasamasterequation,whose

definition[45]wegiveinthefollowing.

DefinitionI.9.Amasterequationisafirstorderdifferentialequationdescribingthetime

evolutionofprobabilities,oftheform

dPk
dt
=

l

[TklPl−TlkPk], (53)

forsomediscreteeventsk∈{1,...,N}andwhereTkl≥0aretransitionratesfromeventl

toeventk,andPkarethecorrespondingprobabilitiesforthetransitions.

Inwhatfollows,theaboveeventsshouldbeunderstoodasasdifferentpossiblestatesof

S. Wefirstgothroughastep-by-stepderivationofaMarkovianmasterequationandthen

provideaform,similartotheoneinDef.I.9,whichisfarmoreusefultoimplement.Before

that,however,weshouldpointoutanessentialaspectofmasterequations,namelythatthey

conservetotalprobability

k

dPk
dt
=

kl

[TklPl−TlkPk]=
kl

[TlkPk−TlkPk]=0. (54)
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Adetaileddiscussionofhowthemasterequationisobtained[35]isusefulduetothefact

thatsomeimportantsimplifyingassumptionsaremadeintheprocess.Theseassumptions

restricttheapplicabilityoftheequationandexplicitlyshowthatthetime-evolutionrulethus

obtainedisonlyanapproximation(somethingwhichshouldbetakenintoaccountinlater

chapters).

Thesystem-environmentHamiltoniancanbesplitintothreeoperators

H=HS+HE+HI, (55)

whereHIistheinteractionHamiltonian,theonlypartthatinvolvesbothsystemandenvi-

ronmentdegreesoffreedom. WealsodenoteH0=HS+HE andswitchtotheinteraction

picture

H̃I(t)=e
i(HS+HE)tHIe

−i(HS+HE)t, (56)

witht0=0.

ThecombinedsystemS+Eisclosed,soitevolvesaccordingtoEq.(50),

∂

∂t
ρ̃(t)=−i[̃H(t),̃ρ(t)]. (57)

Alloperatorsmarkedwithatildearewrittenintheinteractionpicture,byusingtheEq.(56)

transformation.

TheformalsolutionofEq.(57)is

ρ̃(t)=ρ(0)−i
t

0

ds[̃HI(s),̃ρ(s)], (58)

which,togetherwithEq.(57),gives

∂

∂t
ρ̃(t)=−i[̃H(t),ρ(0)]−

t

0

ds[̃HI(t),[̃HI(s),̃ρ(s)]]. (59)

Sinceweareonlyinterestedinthedynamicsofthesystem,wetrace-outtheenvironment

∂

∂t
ρ̃S(t)=−iTrE[̃H(t),ρ(0)]−

t

0

dsTrE[̃HI(t),[̃HI(s),̃ρ(s)]]. (60)
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Atthispointonemustmakeaseriesofsimplifyingassumptions.First,assumethatthe

interactionbetweenSandEisturnedonexactlyatt=0. Thismeansthattheinitial

densityoperatorfactorizes

ρ(0)=ρS⊗ρE(0). (61)

Second,thetermTrE[HI(t),ρ(0)]canbesettozero. Thisineffectmeansthatwecan

subtractatermTrE[HI(t),ρE(0)]fromHIandincludeitinHS.Thetimeevolutionequation

nowbecomes

∂

∂t
ρ̃S(t)=−

t

0

dsTrE[̃HI(t),[̃HI(s),̃ρ(s)]]. (62)

NowweusetheBornapproximation,thisfurtherassumesthattheinteractionsdescribed

byHIareweak,soρEistime-independent

ρE=ρE(0). (63)

Thedensityoperatorthusfactorizesatalltimes

ρ̃(t)≈ρ̃S(t)ρE, (64)

andtimeevolutionwillnowbegivenby

∂

∂t
ρ̃S(t)=−

t

0

dsTrE[̃HI(t),[̃HI(s),̃ρS(s)ρE]]. (65)

Theevolutionofρ̃S(t)stilldependsonitspasthistory,throughtheρ̃S(s)term. For

thisreason,thelastapproximationtobemadeisthe Markovianapproximation,stating

thatthefuturebehaviourofρ̃S(t)willonlydependonitscurrentstate,hencewereplace

ρS(s)−→ρS(t)ands−→t−τ.Extendingthelimitsofintegrationtoinfinity(SeeRef.[35]),

wefinallyobtain

∂

∂t
ρ̃S(t)=−

inf

0

dτTrE[̃HI(t),[̃HI(t−τ),̃ρS(t)ρE]], (66)

writtenintheinteractionpicture.

ThisisaMarkovianweak-couplingmasterequationthatprovidesagoodapproximation

forthetime-evolutionoftheopenquantumsystem.However,itisverycumbersometowork
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FIG.5:Atwolevelsystemwithdecay.

withso,inthenextsection,weprovideanalternativeform,knownasaLindbladformof

themasterequationandgiveasimpleexampleofhowitcanbeapplied.

4. LindbladMasterEquation

InRef.[9,40],theauthorsprovidessimplederivationsofthemasterequationinLindblad

form. Here,weonlyreproducetheresultandgoontogiveaverysimpleexampleofhow

suchanequationwillbeusedinalaterchapter,whenwewillapplyittoneutralkaonsand

generaldecayingsystems.

TheLindbladformofthemasterequationis

d

dt
ρ(t)=−i[H,ρ(t)]−

α

γα
2
(Lα†Lαρ(t)+ρ(t)Lα†Lα−2Lαρ(t)Lα†) (67)

orintheequivalentform

d

dt
ρ(t)=−i[H,ρ(t)]−

α

γα(
1

2
{Lα†Lαρ(t)}+−L

αρ(t)Lα†), (68)

where{·}+istheanticommutatorandL
αaretheLindbladoperators.Inourcase,theLind-

bladoperatorswillsimplybejumpoperators,describingatransitionbetweentwoquantum

states.

Finally,weprovideasimpleexampleofatwo-levelsystemwithdecayandshowhowthe

Lindbladequationdescribesthedecayprocess. Considerthetwo-levelsysteminFig.(5).

Weignoreanyunitarytimeevolutionandjustfocusonthedecayfrom |1to|0,witha

decayrateγ.

TheLindbladequationwouldcontainjustthedecaypart
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d

dt
ρ(t)=γ(

1

2
{Λ†Λρ(t)}+−Λρ(t)Λ

†), (69)

wheretheLindbladΛoperatorsarejustjumpoperatorsbetweenthetwolevels,

Λ=|0 1|,

Λ†=|1 0|.
(70)

I. BasicNotionsofExperimentalQuantumOptics

Thelastsectionofthisintroductorychapterwillbrieflypresentbasicnotionsandtech-

niquesfromthefieldofexperimentalquantumoptics. Wefocusontheclassicalequationsof

motionforatrappingpotential,lasercoolingandinternalstatedetectionofatrappedion.

ThemainsourcesforthissectionareRef.[20,32,52],towhichweshallrefertheinterested

readerformoredetail.

1. TrappingPotentialandClassicalEquationsofMotion

DuetoLaplace’sequation,onecannottrapachargedparticleinthreedimensionsusing

onlyanelectrostaticfield,thus,followingRef.[32],weconsideraquadrupolarpotentialwhich

canbedecomposedintoanoscillatingtime-dependentpartandatime-independentstatic

part

Φ(x,y,z,t)=
U

2
(αx2+βy2+γz2)+

Ũ

2
cos(ωrft)(αx

2+βy2+γz2), (71)

whereωrfisthedrivingfrequency.InorderforthistofulfiltheLaplaceequation∆Φ=0,

thefollowingrestrictionsareimposed

α+β+γ=0,

α+β+γ=0.
(72)

Fromtheseconstraints,oneobservesthatsuchapotentialcanonlytrapchargesdynamically,

bygivingthetrappedparticlesaquasi-harmonicmotioninalldirections.
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Therearetwopossiblechoicesintermsofspatialfactors,

α=β=γ=0,

α+β=−γ,
(73)

givingthree-dimensionalconfinementinanoscillatingfield,or

−(α+β)=γ>0,

α=−β,
(74)

whichresultsindynamicalconfinementintheXY-planeandstaticpotentialconfinementfor

positivechargesintheZdirection(asusedinlineartraps[39]).

Wenowshortlydiscusstheclassicalequationsofmotionofaparticleinatrappingpoten-

tialΦ(x,y,z,t).ConsideringonlymotionintheX-direction,theequationofmotionbecomes

ẍ=−
Z|e|

m

∂Φ

∂x

=−
Z|e|

m
[Uα+Ũcos(ωrft)α]x,

(75)

whichcanbewrittenasaMathieudifferentialequation

d2x

dξ2
+[ax−2qxcos(2ξ)]x=0 (76)

usingthesubstitutions

ξ=
ωrft

2
, ax=

4Z|e|Uα

mω2rf
, qx=

2Z|e|̃Uα

mω2rf
(77)

Thegeneralformofthesolutionsis

x(2ξ)=Aeiβxξ
∞

m=−∞

C2me
i2mξ+Be−iβxξ

∞

m=−∞

C2me
−i2mξ, (78)

hereβxandC2m dependonaxandqxonly.

Onecannowperformalowestorderapproximation,bysettingC±4=0andthecondition

thatA=B.Thisleadstoasimplifiedformofβx
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FIG.6:Cylindrically-symmetricRFtrap.

βx= ax+
q2x
2
, (79)

andoftheparticletrajectory

x(t)=2AC0cosβx
ωrf
2
t 1−

qx
2
cos(ωrft). (80)

Thequantummechanicaldescriptionofthedynamicsofchargedparticlesiniontraps

issomewhatmoreinvolved,sothereaderisreferredtoRef.[32]forthatandalsoamore

detailedtreatmentonclassicalmotionandtrapstability.

InFig.6theschematicofacylindrically-symmetricRFtrapispresented,with

az=−2ax=−2ay,

qz=−2qx=−2qy,
(81)

andtherequirementsthatα=α=β=β=−2γ=−2γandalsoα= 2
r20+2z

2
0
.

AnotherpossibilityistodesignalinearRFtrapwith

qz=γ=0,

qy=−qx,
(82)

initiallyproposedby W.Paul[39].Thistypeoftrapismoreusefulformanipulatingindi-

vidualionswithlasers.
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Aspreviouslydescribed,themotionofthetrappedioniscomposedofaxialandtransverse

motion,withrespecttotheaxisofthelineartrap,withtypicaltransversefrequenciesbeing

threetofourtimeslargerthantheaxial.Inwhatfollows,wefocusexclusivelyonaxial

motion,forsimplicity.

Aftertheionhasbeentrapped,thenextstepisremovingitsvibrationalenergy,aprocess

knownascooling.

2. LaserCooling

FollowingRef.[52],wedescribehereacoolingprocedureknownassidebandcooling.

Consideranatomictwo-levelsystem,agroundstate|gandanexcitedstate|e,coupledto

externallasersthatdriveatwo-photontransitionbetweenthem.

TheHamiltonianis,inthiscase

H= νa†a+ ωAσz+
Ω

2
(σ−e

i(ωLt−kLq)+σ+e
−i(ωLt−kLq)), (83)

whereqisanoperatorrepresentingtheion’sdisplacementfromitsequilibriumposition,ν

isthetrapfrequency,ΩistheRabifrequencyofthetransition,ωA representstheatomic

transitionfrequencywhileωLandkLarethelaser’sfrequencyandwavenumber.Thesigma

matricesaregivenby

σ−=
1

2
(σx+iσy),

σ+=
1

2
(σx−iσy),

(84)

Thekeypointhereisthecarefuluseofrelationsbetweenthethreefrequenciesν,ωAandωL.

Werewritethepositionoperatoras

q=
2mν

1
2
(a+a†), (85)

andalsodefinetheLamb-Dickeparameter

η=kL
2mν

1
2
=
2π∆xrms
λL

, (86)

withtheroot-mean-square(r.m.s.)positionfluctuationsgivenby∆xrms.

26



Byswitchingtotheinteractionpicture,using

U0(t)=e
−iνa†at−iωAσzt, (87)

onegetsaninteractionHamiltonianoftheform

HI(t)=
Ω

2
σ−e

−iη(ae−iνt+a†eiνt)e−i(ωA−ωL)t+h.c. (88)

Thisexpressionneedstobesimplified,soweconsideronlysmallη,typicallyη<1andexpand

HI(t)intermsofthisparameter. This,however,leadstoacomplicatedexpressionandit

isnotthepurposeofthecurrentsectiontoprovideanindepthtreatmentofexperimental

methods. TheinterestedreadercanfindthedetailedderivationinRef.[52]. Tuningδ=

ω−ωL,suchthatitbecomesanintegermultipleofthetrapfrequencyν,oneobtainsthree

situations:

•carrierexcitation,whenδ=0

Hc= Ω(1−η2a†a)σx, (89)

withσx=
1
2
(σ−+σ+).

•firstredsidebandexcitation,whenδ=ν(suchthatωL=ωA−ν)

Hr=i
ηΩ

2
(aσ+−a

†σ−). (90)

•firstbluesidebandexcitation,whenδ=−ν(suchthatωL=ωA+ν)

Hb=i
ηΩ

2
(a†σ+−aσ−). (91)

Whileinthecaseofthefirstredsidebandexcitationwehaveaprocessinvolvingthe

absorptionofatrapphonon,aswellasalaserphoton,inthecaseofthefirstbluesideband

excitation,aphononisemitted.Iftheionisintheexcitedstate|eanditspontaneously

decaystothegroundstate,tuningtothefirstredsideband,weobtaincyclesofexcitation

andemissionthatremoveonephononpercycle,coolingthevibrationaldegreeoffreedom.
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FIG.7:Threelevelsystemusedforelectronshelving.

3. ReadingtheInternalState

Aftertrappingandcoolingtheion,thelaststeptobediscussedhereisthedetectionof

itsinternalstates.Thisisusuallyperformedbylaser-inducedfluorescence.Inthisprocess,

oneioncanscatterlargenumbersofphotons,someofwhichcanbepickedupbyadetector

(suchasaCCDcameraoraphoton-multiplier).Becausethespatialextensionoftheion’s

wavefunctionissmallerthanthewavelengthofthefluorescentlight,singleionswillshow

upasbrightdots.

Onedetectionprocedureistheso-calledelectronshelvingmethod. Consideraddingan

extralevel|rtothepreviouslyintroducedtwo-levelsystem,asinFig.7.Furtherassumethat

[32]thetransitions|g↔|eand|g↔|rcanbeindependentlydriven,andthatthelifetime

of|rismuchshorterthanthelifetimesoftheothertwolevels.Thus,thetransition|g↔|r

canbestronglydrivenandalargenumberofscatteredphotonsiftheinitialinteractionwith

thelaserfieldpreparedtheatominthestate|r. Ontheotherhand,iftheinitialstateof

theatom,afterbeingexcitedbythelaser,is|e,nophotonswillbescattered.

28



II. NeutralKaons

Inthefirsthalfofthisthesiswewillbepresentingourresults[38],aswellasprevious

ones,regardingthestudyofentanglementinsystemsofdecayingparticles.Thetestbedfor

thiswillbeasystemofelectricallyneutralmesons,calledneutralk-mesonsorneutralkaons

forshort.

Mesonsarehadrons(compositeparticlesmadeofquarks)composedofonequarkandone

antiquark,boundtogetherbystronginteraction.Inparticular,neutralkaonsarecomposed

ofadownquarkandastrangeantiquark.

Historically,neutralkaonshavebeenessentialinprovidinganinsightintothequark

structureofhadronsandthetheoryofquarkmixing,forwhichaNobelPrizeinPhysics

hasbeenawardedin2008,andindeepeningourunderstandingonthematter-antimatter

asymmetryintheuniverse.Onthissecondsubject,theviolationofchargeconjugationand

parity(CP)symmetrywasfirstobservedexperimentallyinsystemsofneutralkaonsbyJ.W.

CroninandV.L.Fitch[11],andbroughtthetwothe1980NobelPrizeinPhysics.

Asweshallsee,neutralkaonsexhibittwotypesofbehaviourthatgivetheexperimentera

newpossibilityofperformingBelltests:aparticle-antiparticleoscillationanddecay.Before

this,however,amorethoroughdescriptionoftheparticleswillbegiven.

Neutralkaonsarepseudo-scalarmesons,eventhoughtheirtotalspiniszero,theyhave

oddparity,denotedbyJP=0−,comparedtoscalarmesonswhichhaveevenparityJP=0+.

Theyareproducedinparticle-antiparticlepairs(K0K̄0),eitherinelectron-positroncollisions

(DAΦNEatFrascati)orproton-antiprotoncollisions(CPLEARatCERN).Forthisreason,

wemustalwaystreatneutralkaonsasatwo-particlesystem.

Attimet=0,theinitialstatefunctionforthepairis

|ψ(t=0) =
1
√
2
(K0 K̄0 − K̄0 K0). (92)

Timeevolutionwillbetreatedindetaillateroninthischapter,butfirst,wewantto

describeinmoredetailCP-symmetryandtheCronin-Fitchexperiment.
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|KLB

FIG.8:Neutralkaonpairproduction.Beamsofkaon-antikaonpairspropagateinopposite

directions.Thebeamscontaintwodifferentmassstates,ashort-livedstate|KS anda

long-livedstate|KL.

A. CP-symmetryanditsViolation

1. TheoreticalRemarks

Aspreviouslystated,neutralkaonsarepseudoscalarparticleshencetheyhaveodd(neg-

ative)intrinsicparity. Theyareproducedinastandardcollisionsetup(seeFig.8)and

propagateinoppositedirectionsfromthesource. Duetoacontinuousoscillationbetween

|K0 andK̄0,onemustconsiderthetwoopposingbeamsofparticlesascontainingboth

particlesandantiparticles.Thetwoparticlebeamscanalsobedescribedinanotherbasis,

thelifetimebasis,composedofalong-livedandshort-livedstate,|KL and|KS,respectively.

Thesetwostatescanbeexperimentallydistinguishedbyobservingthedominantresulting

decayproducts.Theexactformsof|KL and|KS willbediscussedlater,fornowitsuffices

tothinkofthemassuperpositionsof|K0 andK̄0.Oneimportantaspectofthelifetime

eigenstatesistheirvastlydifferentlifetimes:τS=8.95·10
−11sandτL=5.11·10

−8s.

Onefeatureofneutralkaonsisapropertycalledstrangeness.Infact,forourpurposes,we

canconsiderstrangenessasanoperatorwhoseeigenstatesaretheparticle-antiparticlestates

themselves,

SK0 =(+1)K0 ,

SK̄0 =(−1)K̄0 .
(93)

Havingthenotionofstrangenessformallydefined,wecanlooktheoperationthattrans-

formsoneoftheeigenstatesofthestrangenessoperatorintotheother(or,inotherwords,

thattransformsaparticletoitsantiparticle).Thatoperationischargeconjugation.However,
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sinceweareinterestedintheviolationofCP-symmetry,wecouplethechargeconjugation

transformationwiththeparitytransformation,andobtaintheeffectsofthecombinedCP

operatoronthekaonstates,

CP K0 =(−1)K̄0 ,

CP K̄0 =(−1)K0 .
(94)

Fromthis,onecannoweasilyconstructtheeigenstatesoftheCPoperator

K01 =
1
√
2
(K0 − K̄0),

K02 =
1
√
2
(K0 + K̄0),

(95)

suchthat

CP K01 =(+1)K
0
1 ,

CP K02 =(−1)K
0
2 .

(96)

TheviolationofCP-symmetryisdirectlylinkedtothematter-antimatterimbalancein

theuniverse;therearevastlymoreparticlesthanantiparticlesobserved,andthereasonfor

thisisstillnotentirelyunderstood.

BecauseCP-violationhasbeenobservedexperimentallyintheneutralkaonsystem,it

followsthatthesystem’sHamiltonian(whoseeigenstates,aswe’vepreviouslymentioned,

areprecisely|KL and|KS)andtheCPoperatordonotcommute,hencetheydonothave

commoneigenstates.

TheCP-violationparameterforkaonshasanexperimentallydeterminedvalueofapprox-

imately=10−3,soitisusualtowritetheshortandlong-livedstatesas

|KS =
1

N
(pK0 −qK̄0),

|KL =
1

N
(pK0 +qK̄0),

(97)

wherep=1+,q=1− andthenormalizationcoefficientisN2=|p|2+|q|2.Bycomparing

Eq.(95)andEq.(97),onecanindeedobservethattheslightdifferencebetweenthetwobases

isgivenbythepandqcoefficients,correspondingtothesmall,experimentallyobserved,
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parameter. Also,itisstraightforwardtoshowthat|KL and|KS arenormalizedbutnot

orthogonal,

KL|KS =
1

N2
(|p|2−|q|2)=

|p|2−|q|2

|p|2+|q|2
. (98)

2. TheCroninandFitchExperiment

Theshortandlong-livedkaonstates|KL and|KS havedifferentdecaymodes.Astate

ofπ-particles(orpions)hasparity

P=(−1)n(−1)L. (99)

ForspinlesskaondecaysL=0so

P|2π=+|2π,

P|3π=−|3π.
(100)

Because

Cnπ0 =+nπ0 , (101)

inthecaseofneutralpions,sincetheyhavenoelectromagneticchargeand

Cπ+π− =+π+π− , (102)

duetochargecancellationinthecaseofpositiveandnegativelychargedpions,combinations

ofπ0orπ0andapairofπ+π− donotchangethevalueofC.IfonethusassumesCP-

symmetrytobeconserved,theonlyalloweddecaymodesare(bycombiningthetwoCand

Poperations),

|KS −→|ππ,

|KL −→|πππ.
(103)

Thestates|KL and|KS alsohaveverydifferentlifetimes,

32



S |KS

|KL π

π

π

π

π

π

π
π

π

π

π

π
π

π

π

Decayof|KS to1/500oforiginalpopulation.

Distancefromthesourcetothedetector≈17.4m.

45two-piondecaysin22700
observed(roughly1/500).

FIG.9:AschematicrepresentationoftheCroninandFitchexperiment.Evenwith

relativisticcorrections,two-piondecayswereobservedatarateof1/500,atagreater

distancethantheonerequiredforthesort-livedstatetodecaytothesameextent.This

picturehasbeenreproducedfromtheoneinRef.[27].

τKS=8.9·10
−11s τKL=5.2·10

−8s, (104)

whichwould makeitpossibletodistinguishbetweenthetwobylookingattheirdecay

productsatacertaindistanceawayfromthesource.

In1964,CroninandFitch[11]haddevisedanexperimenttotesttheconservationof

CP-symmetry.AsketchoftheexperimentalsetupisprovidedinFig.9.

AparticlebeamoflengthL=17.4mcontainsboth|KL and|KS states,comingfrom

asourceS. Takingintoaccountrelativisticcorrections(seealsoRef.[27])andaparticle

travellingataspeedofv=0.98c,theshort-livedstatewouldhavedecayedbyafactorof

oneinfivehundredoftheinitialpopulationatroughlyonemeterfromthesource.Thisis

alsothedistanceatwhichonecouldexpecttwo-pioneventstooccurwiththesame1/500

frequency,since,ifCP-symmetryisconserved,theseeventscanonlyoccurfromthe|KS

state.

Experimentally,CroninandFitchobserved45(±9)2πdecaysoutof22700,orapproxi-

matelyoneinfivehundred.Thesedecayevents,at17.4mfromthesourcecouldhaveonly

resultedfromthelong-livedstate|KL,adecayforbiddenbyCP-symmetry,hencetheneutral

kaonsystemviolatesthistypeofsymmetry.
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B. TimeEvolutionoftheNeutralKaonSystem

Neutralkaonsdisplaytwotypesofbehaviourthatmaketheminterestingtothestudy

ofentanglement:firstthereisthedecayprocess,bringingwithitthechallengeofdefining

aqubitstatewithinamorerealisticrepresentationoftheactualquantumsystemasan

opensystem;second,anintrinsicoscillationbetweenparticleandantiparticlestates(called

strangenessoscillation).Thisoscillationoffersexperimentersanewpossibilityofperforming

Belltests,byhavingoneofthepartieswaitforanadditionaltimeτaftertheotherparty

performedthemeasurement. Thisservestogivetheparticlemeasuredatalatertimean

additionalintervalinwhichtooscillate,thusτcanserveasan”angle”forsomespin-like

quantity(whichwewilllaterdefinerigorously).

BeforediscussingBell-testsonkaons,however,andthevariousavailablesettings,wemust

deriveindetailthetime-dependentformsof|K0 andK̄0.

Sincewearedealingwithanopensystem,itisusualtosplittheHamiltonianintoa

hermitianandanantihermitianpart(seeRef.[4])

H=M−iΓ, (105)

whereHiscalledaneffectiveHamiltonian,Misthemassterm(ormassmatrix),responsible

fortheunitarytimeevolution,andΓisthedecaymatrix.Bothmatricesarediagonalinthe

eigenbasisofH(representedbythetwolifetimeeigenstates|KS and|KL),withthedifferent

masses,mS/LanddecayratesΓS/L,oftheshortandlong-livedstates,astheirelements.

Withthis,theeigenvalueequationsoftheHamiltonianare

H|KS =λS|KS ,

H|KL =λL|KL ,
(106)

wheretheeigenvalueitselfcanbedecomposedasλS/L=mS/L−
i
2
ΓS/L.

Fromthedefinitionof|KS and|KL,

|KS =
1

N
(pK0 −qK̄0),

|KL =
1

N
(pK0 +qK̄0),

(107)
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onecanextract|K0 as

K0 =
N

2p
(|KS +|KL). (108)

Inordertoobtainatime-dependentformof|K0,itsufficestousetheeigenvalueequations

(106)into(108),toobtain

K0(t)=
N

2p
(e−iλSt|KS +e

−iλLt|KL)

=
N

2p
e−iλSt

1

N
(pK0 −qK̄0)+e−iλLt

1

N
(pK0 +qK̄0)

=
1

p

p

2
(e−iλSt+e−iλLt)K0 +

q

2
(−e−iλSt+e−iλLt)K̄0) .

(109)

Theaboveexpressioncanbesimplifiedbyintroducingthenotation

g+(t)=
1

2
(e−iλSt+e−iλLt),

g−(t)=
1

2
(−e−iλSt+e−iλLt),

(110)

suchthatEq.(109)becomes

K0(t)=g+(t)K
0 +

q

p
g−(t)K̄

0 . (111)

Followingthesamelineofreasoning,onecanfindthetime-dependentantiparticlestate

K̄0(t)=
p

q
g−(t)K

0 +g+(t)K̄
0 . (112)

InatypicalBell-setup,thetwopartiessharethetime-dependentstate

|φ(t)=
1
√
2
(K0(t) K̄0(t)− K̄0(t) K0(t)), (113)

andifAlicewouldhaveperformedameasurementandwouldhavefoundherparticletobe

ina|K0 state,Bob’sparticle,atthatmoment,wouldbeinthestateK̄0.Thisisthepoint

whereneutralkaonsallowtheexperimentertoalterthetraditionalBelltest,namelyBobcan

waitforanadditionaltimeτ,andthereisanon-zeroprobabilitythat,whenmeasuring,he

alsoobtainsa|K0 state. Weshallusethiswhenderivingtheeffectiveformalismforneutral
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kaons,bydefiningaquasi-spinintermsof|K0 andK̄0 (wherethesetwostateswouldplay

theroleofspin+1
2
or−1

2
,inthecaseofaspin-1/2particle).

Onelastderivationwecarryoutindetailisforfindingtime-dependentexpressionsfor

possiblemeasurementsinthestrangenesseigenbasis(|K0/K̄0).

First,considertheprobabilityattimetthatameasurementperformedonasingleneutral

kaon,initiallyinastate|K0,wouldyieldtheresult|K0.Thisisformallygivenby

PK0K0=|K
0 K0(t)|2=|g+(t)|

2, (114)

wherethelasttermresultsdirectlyfromEq.(111).Elaboratingonthisexpression

|g+(t)|
2=
1

4
|e−iλSt+e−iλLt|2

=
1

4
|e−i(mS−

i
2
ΓS)t+e−i(mS−

i
2
ΓL)t|2

=
1

4
e−ΓSt+e−ΓLt+2e−

ΓS+ΓL
2
tcos(mL−mS)t

=
1

4
e−ΓSt+e−ΓLt+2e−Γtcos(∆m)t,

(115)

withΓ=ΓS+ΓL
2
and∆m=mL−mS.

Oncemore,byfollowingsimilarreasoning,onecanfindtheremainingexpressionswhich

welistbelow

P̄K0K0=|K̄
0 K0(t)|2=

1

4

|q|2

|p|2
e−ΓSt+e−ΓLt−2e−Γtcos(∆m)t

PK0K̄0=|K
0 K̄0(t)|2=

1

4

|p|2

|q|2
e−ΓSt+e−ΓLt−2e−Γtcos(∆m)t

P̄K0K̄0=|K̄
0 K̄0(t)|2=

1

4
e−ΓSt+e−ΓLt+2e−Γtcos(∆m)t

(116)

C. BellInequalitiesandNeutralKaons

Havingobtainedthetimeevolutionequationsfortheneutralkaonsystem,wecannow

discusspossibleimplementationsofBelltests.Itcanbetemptingtotreatneutralkaons(or

thesimilarlybehavingB-mesons)inanalogytophotons[22,23],howevertherearesomeim-

portantshortcomingstosuchanapproach.Inwhatfollows,weconsideraparalleltreatment

ofphotonswithinopticalfibersandkaons.
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Consideringaphoton’slinearandcircularpolarizationstates,onecandefinetwobases

(see. Ref.[22]):{|L,|R},correspondingtothecircularleftandrightpolarizationstates

and{|H ,|V},correspondingtothehorizontalandverticalpolarizations,respectively.The

transformationbetweenthetwobasesisgivenby

|L =
1
√
2
(|V +|H),

|R =
1
√
2
(|V −|H),

(117)

and

|V =
1
√
2
(|L+|R),

|H =
1
√
2
(|L−|R).

(118)

ComparingthiswithEq.(95),onecanidentifythephotonpolarizationstateswiththe

strangenesseigenstates|K0 andK̄0 andtheCP-eigenstates|K01 and|K
0
2.However,the

CP-violationphenomenoncannotbeignored,suchthat,uponperformingameasurement,

thechoiceisbetweenthestrangenesseigenstatesandtheeigenstatesoftheHamiltonian,

Eq.(97),thusafirstcaseofdissimilaritybetweenthetwosystems.

Whatispossible,however,istosimulatedecayandstrangenessoscillationswithpho-

tons.InRef.[22],theauthorsdescribethepossibilityofusingbirefringenceandpolarization-

dependentlossasanalogousphenomena.Birefringencedeterminesfastandslowpolarization

modeswhichcanbeidentifiedwith|V and|H,respectively. Anypolarizationstatecan

berepresentedbyapointontheBlochsphere(inquantumopticssometimesreferredtoas

thePoincaŕesphere).TheeffectofbirefringenceonthecorrespondingBlochvectorm(z),at

positionzalongtheopticalfiber,isthatitcausesittorotatearoundabirefringentaxisβ.

Ifonelooksatthetimeevolutionofthepurepolarizationstate,forafixedwavelength,the

followingoccurs

|m(z)=e−iβσ/2(z−z0)|m(z0). (119)

ThevectorσisthePaulivector,havingthePaulimatricesascomponentsandU(α)=e−iβσ/2

istheunitaryoperatorcorrespondingtotherotation.Iftheexperimentisperformedwith
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σEigenvector Photons NeutralKaons

|x+ |V K0

|x− |H K̄0

|z+ |R K01 (≈|KS)

|z− |L K02 (≈|KL)

TABLEII:Correspondencebetweenrelevantkaonstates,photonpolarizationstatesand

theeigenvectorsoftheσxandσzPaulimatrices.

aninitialsingletstate,afterobservingoneofthephotons,theexperimentercanwaitan

additionaltimebeforeperformingthesecondmeasurementand,duetothebirefringence-

causedrotation,allowthesecondphoton’spolarizationtofurtherrotate.Inthisway,the

polarizationcorrelationisreducedandthesystemhasasimilarpropertytotheneutralkaon

system’snaturalstrangenessoscillation.

Inordertoalsoaddadecaypropertytothephotonsystem,wecanintroduceapolarizer

thatwouldattenuatethetwopolarizationstatesdifferently. Consideringtwoorthogonal

polarizationstates|P+ and|P− ,thetransmissioncoefficientsTmax andTmin,forthetwo

stateswoulddiffer,correspondingtotheΓSandΓLcaseforkaons.

ThetestingofBell-typeinequalitieswithinmesonsystems(inourcaseneutralK-mesons)

requiresthetakingintoconsiderationoftwoimportantaspects[5]:

•Thetwoobservershavetobeabletoperformactivemeasurementsontheirparicles.

•Decayproductscannotbeignored.

Thefirstrequirementisessentialforenforcingthelocalitycondition.Alicemustbeable

tofreelychoosebetweentwodifferentbasesAandA,andBob,betweenBandB. The

argumentisthat(seeRef.[5])ifAlicehadchosen,attheverylastmoment,tomeasureA

insteadofA,thischoicewouldnotmodifytheoutcomeofBob’smeasurement.

Inthecaseofneutralkaons,therearetwotypesofmeasurementsthatonecancarry

out(Foradetaileddiscussion,seeRef.[8]). Activemeasurementsareexperimentallymade

possiblebyintroducingadensepieceofmatterintheflightpathofthekaons,ataflight

timeτ. Thekaon’sinteractionwiththemattercorrespondstoaprojectionoftheinitial
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time-dependentstateofEq.(111)-(112),ontothelifetimeorstrangenesseigenbasis. By

carefullyselectingtheflighttimeτ,fromthesourcetothepieceofmater,theexperimenter

canperformastrangenessorlifetimemeasurementatdifferenttimes.

Passivemeasurementsrequirethemeasurementofatime-dependentdecayrateΓ(f,τ),

whichrepresentsthenumberofdecaysintomodef,inthetimeintervalτandτ+dτ.These

measurementsarenotusefulfortestingBellinequalities,sincetheydonotprovideawayfor

theexperimentertochoosethebasisintowhichthemeasurementisdone,thereis,essentially,

nowayofforcingtheparticletodecay.

Thesecondrequirementisduetotheunstablenatureofmesons. Thecompletetime

evolutionofageneralmesonsystemcanbewrittenintheform

|M1,2(t)=e
iλ1,2t|M1,2 +|Ω1,2(t), (120)

intermsoftheeigenvectorsofthe”effectivemass”non-HermitianHamiltonian.Theresulting

decayproductstate|Ω1,2(t)bringsitscontributionbyprovidinganextraoutcomeasopposed

tothecaseofstableparticles.Ifthemeasurementisperformedinthestrangenesseigenbasis,

theresultscanbe”|K0”,”K̄0”or”|Ω”.Thelastsituationcorrespondstothecasewhen

theobservedparticlehasdecayedpriortothemeasurement.

Inthenextchapter,wewilldiscussanexistingeffectiveoperatorformalismthatman-

agestoovercometheserestrictionsbyswitchingtotheHeisenbergpictureandconstructing

anoperatorthatcontainsboththecharacteristictimeevolutionofthesystem(decayand

strangenessoscillation)andthemeasurementsettingscorrespondingtoameasurementof

strangenessorlifetimeonasingleparticle. Wewillthenprovideourgeneralizationofthis

effectiveformalismtoarbitrarydecayingsystems,retainingneutralkaonsasaspecialcase,

andprovidepossibleexperimentalimplementationsusingtrappedions.
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III. EffectiveFormalism

1. SpecialEffectiveFormalism

InRef.[18],theauthorspresentaneffectiveformalism,constructedspecificallyforneutral

kaons,thataimstogoaroundthepreviouslydiscussedimpediments. Wewilldevelopthis

formalismhere,indetail,andthenproceedtoderivingourgeneralizationtooneapplicable

tootherdecayingsystems. Weshallalsoprovethatourgeneralformalismreproducesthe

resultsofthespecialeffectiveformalism,inthecaseofkaons.

The maindifferencebetweenthewayBellinequalitieshaveusuallybeentestedwith

kaons(byanalogywithphotonsandotherstablesystems)andtheeffectiveformalism,is

thequestionthatisbeingasked.InthestandardBellscenario,adichotomicobservableis

measured(forexamplethespinofaspin−1
2
particleorthepolarizationofaphoton)and

thecorrespondingquestiontothiswouldbe”Isthesystemina|↑orina|↓state?”(or

twoorthogonalpolarizationstates,forphotons).Theissuehereisthatthistypeofquestion

leavesnoroomforthedecayproducts. Whilethismaysufficefortheabovementionedstable

systems,itdoesnotsufficeforkaons.

Thequestionaskedwithintheeffectiveformalismis”Isthesystemina|↑stateornot?”.

By”ornot”weassumethatitdoesnotmatterifthesystemfindsitselfinthecorresponding

orthogonalstateorifithasalreadydecayed.Totranslatethisforourparticularcase,the

questionforastrangenessmeasurementis:”IsthesysteminaK̄0 stateornot?”.There

isnothingspecialhereaboutK̄0,wecouldhavechosen|K0 justaswell.

a. Quasi-spinandExpectationValues

Inordertodrawaparallelwithspin,apseudo-quantitycalledquasispinisintroduced,

whosedirectionisgivenby

|kn =cos
αn
2
|KS +sin

αn
2
eiφn|KL , (121)

intermsofthelifetimeeigenstates.Thiscanbetransformedtothestrangenesseigenbasis

byusingEq.(97).Caremustbetakenherewhenchoosingtheappropriateαandφangles.
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Whileinthecaseofspin,itdoesmakesensetochoosearbitrarydirections,forkaonsit

doesnot.Thechoicesorquasi-spindirectionsarelimitedtothestrangenessK̄0 /|K0 and

lifetime|KS /|KL eigenstates.

Now,bytakingadvantageofthefactthatprobabilitiesmustadduptoone

P(̄K0)+P(K0)+P(Ω)=1, (122)

thiscanberewrittenas

P(Yes)=P(̄K0),

P(No)=1−P(K0)−P(Ω),
(123)

where”Yes”and”No”arepreciselytheanswerstotherelevantquestion:”Isthesystemina

K̄0 stateornot?”,andP(Ω)istheprobabilitythattheparticlehasdecayedpriortobeing

measured.Furthermore,nowweclearlyhaveP(Yes)+P(No)=1.

Usingthequasi-spinformofEq.(121),theexpectationvaluecannowbewrittenbased

onthesetwoprobabilities

E(kn,tn)=P(Y:kn,tn)−P(N:kn,tn)

=2P(Y:kn,tn)−1,
(124)

theindexnshowingthatthiscorrespondstooneofthemeasurementsettingsofAliceand

Bob,attimetn.Thetime-dependentdensitymatrixoftheentiresystemcanbedescribed

intermsofitssurvivinganddecayedcomponents

ρ(tn)=




ρssρsf

ρfsρff



 (125)

thesubscriptslabellingsurvivingcomponentsandf(forfinal)labellingdecayedones.The

probabilityforobtainingthedesireddirectionofthequasi-spinisthenjustaprojectionof

thesurvivingkaonstatesonto|kn,

P(Y:kn,tn)=Tr




|kn kn|0

0 0



ρ(tn)= kn|ρss(tn)|kn . (126)
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Thiscanbefurtherexpandedinthelifetimeeigenbasis

kn|ρss(tn)|kn =cos
2αn
2
kS|ρss(tn)|kS +sin

2αn
2
kL|ρss(tn)|kL

+cos
αn
2
sin
αn
2
eiφn kS|ρss(tn)|kL +cos

αn
2
sin
αn
2
e−iφn kL|ρss(tn)|kS

=ρSScos
2αn
2
e−ΓSt+ρLLsin

2αn
2
e−ΓLt+ρSLcos

αn
2
sin
αn
2
eiφne−i∆mt−Γt

+ρLScos
αn
2
sin
αn
2
e−iφnei∆mt−Γt.

Here,ρSS,ρSL,ρLS,ρLL,representtheelementsofthedensitymatrixinthelifetimeeigen-

basis{|KS ,|KL}(nottobeconfusedwith|ρss,thecomponentofsurvivingparticles).A

rescaling∆m=1suchthatΓi=
Γi
∆m
willbeused,andthefinalformoftheprobabilityto

obtainthedesireddirectionforthequasi-spin,attimetn,intermsofthelifetimeelements

ofρis

P(Yes:kn,tn)=ρSScos
2αn
2
e−ΓStn+ρLLsin

2αn
2
e−ΓLtn

+ρSLcos
αn
2
sin
αn
2
ei(φn−tn)e−Γtn

+ρLScos
αn
2
sin
αn
2
e−(iφn−tn)eΓtn,

(127)

whereΓ=ΓS+ΓL
2
.

b. EffectiveOperatorMatrixForm

Wemustfirstprovideaformaldefinitionofwhatismeantby”effectiveoperator”.

DefinitionIII.1. AtimedependentoperatorOeffisknownasaneffectiveoperatorifit

includesthetimeevolutionandmeasurementsettingsofanopenquantumsystem,suchthat

expectationvaluesofmeasurementscorrespondingtothosesettingsaredescribedby

E=Tr[Oeff(α,φ,t)ρ]. (128)

Followingthisdefinition,wemaynowobtainthematrixformoftheeffectiveoperator

correspondingtotheneutralkaonsystem.Theexpectationvalue,intermsoftheshortand

long-livedelementsofthedensityoperator,is
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E=Tr(Oeffρ)

=2P(Y:kn,tn)−1

=2(ρSScos
2αn
2
e−ΓStn+ρLLsin

2αn
2
e−ΓLtn

+ρSLcos
αn
2
sin
αn
2
ei(φn−tn)e−Γtn

+ρLScos
αn
2
sin
αn
2
e−(iφn−tn)eΓtn)−1.

(129)

Consideringaninitialpurestate

ρ=|φ φ|,

with|φ= 1√
2
(|KS +|KL),wemayrewritetheaboveexpectationvalueas:

Tr(Oeff|φ φ|)=φ|Oeff|φ=
1

2
(KS|+ KL|)O

eff(|KS +|KL) (130)

IdentifyingtheelementsofEq.(130)withtheonesfromEq.(129),oneobtainsthedesired

matrixformoftheeffectiveoperator,inthelifetimeeigenbasis

Oeff(αn,φn,tn)=




cos2αn

2
e−ΓStn−1 cosαn

2
sinαn

2
ei(φn−tn)e−Γtn

cosαn
2
sinαn

2
e−i(φn−tn)e−Γtn sin2αn

2
e−ΓLtn−1



 (131)

Afewremarksareinorder:first,fromthematrixformofthisoperator,weseethatfor

largetimes,whentheprobabilitythattheparticleshavedecayedisveryhigh,theeffective

operatortendstominusidentity. Thisisareasonableexpectation,since,astheparticles

decay,theoverallamountofdetectioneventsdecreases;second,usingthedefinitionEq.(128),

itiseasytoobservethat,foranumberofmparticles,theexpectationvaluecanbegeneralized

simpyas

E=Tr[Oeff1 ⊗Oeff2 ⊗...⊗Oeffm ρm], (132)

whereOeffi actsonthei-thsubsystem,withitscorrespondingmeasurementsettingsand

measurementtimes,andρm representsthem-particleinitialstate.
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c. PauliDecompositionofOeff

ItisalsousefultodecomposetheeffectiveoperatorinthePaulibasis.Becauseitcorre-

spondstoanopensystem,

Oeff=−n01+n·σ, (133)

wheretheexplicitdependenceonα,θandthasbeenomittedforbrevity.Thecomponentn0

increasesasthesystemdecays,playingtheroleof”white”noise.Determiningtheindividual

elementsisdonebyprojectingtheeffectiveoperatorontoeachofthecorrespondingPauli

matrices.Forthefirstelement,wehave

n1=Tr(O
effσ1)

=TrOeff
01
10

=Tr




cosαn

2
sinαn

2
ei(−φn−tn)e−Γtn cos2αn

2
e−ΓStn−1

sin2αn
2
e−ΓLtn−1 cosαn

2
sinαn

2
e−i(−φn−tn)e−Γtn





=cos
αn
2
sin
αn
2
ei(−φn−tn)e−Γtn+cos

αn
2
sin
αn
2
e−i(−φn−tn)e−Γtn

=cos
αn
2
sin
αn
2
e−Γtn·2cos(φn−tn)

(134)

Inasimilarway,byprojectingOeffontotheothertwoPaulimatrices,oneobtains

n2=sin(φn+tn)sin(αn)e
−Γtn

n3=cosαncosh(∆Γtn)e
−Γtn+sinh(∆Γtn)e

−Γtn,
(135)

with∆Γ=ΓS−ΓL.InorderforthetimeevolutiondescribedbyO
efftobetrace-preserving,

wemustimposetheconditionthat

n0=1−|n|. (136)

Withalltheaboveresults,thevector nhasthefinalform
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n=e−Γtn








cos(tn−φn)sin(αn)

sin(tn−φn)sin(αn)

cosαncosh(∆Γtn)+sinh(∆Γtn)







. (137)

d. EigenvaluesandEigenvectorsofOeff

UsingthematrixformofOefffromEq.(131),wecanproceedtosolvingtheeigenvalue

equation

Oeff|χi=λi|χi (138)

Solvingthisequation,weobtainthefollowingvaluesforλand|χ :

λ1=cos
2αn
2
e−ΓStn+sin2

αn
2
e−ΓLtn−1

λ2=1
(139)

correspondingtotheeigenvectors:

|χ1 =
1
√
N
(cos
αn
2
e−

ΓS
2
tn|KS +e

i(tn−φn)e−
ΓL
2
tnsin

αn
2
|KL)

|χ2 =
1
√
N
(sin
αn
2
e−

ΓL
2
tn|KS +e

i(tn−φn)e−
ΓS
2
tncos

αn
2
|KL)

(140)

wherethelifetimeeigenstates|KS and|KL havebeenchosentorepresentthecomputational

basisvectors|0and|1.

Theeigenvector|χ1 canbeseenasthequasi-spin|kn,evolvingaccordingtothesystem’s

Hamiltonianandbeingnormalizedtothesurvivingkaons[18].

e. IntroducingCP-violation

Theeffectiveoperatorwehavesofardoesnotprovideacompletedescriptionoftheneutral

kaonsystem,duetothefactthatwehaveneglectedthephenomenonofCP-violation.In
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whatfollows,theelementsoftheeffectiveoperatormatrix,inthelifetimeeigenbasis,will

beincluded,wherewetakeviolationofCP-symmetryintoaccount. Afterwards,thetwo

Bell-typeinequalitiespreviouslymentioned[SeeEq.(9)andEq.(13)]willbewritteninterms

oftheeffectiveoperatorandresultswillbepresented.

WiththeintroductionofthephenomenonofCPviolation,theeigenstatesofthesystem’s

Hamiltonian,namely|KS and|KL arenolongerthesameastheeigenstatesoftheCP

operator.Toaccountfortheslightnon-orthogonalityofthelifetimestates,the parameter

isadded,intheformofpandq,asinEq.(107).Ausefulquantity,intermsofpandqis

δ=
|p|2−|q|2

|p|2+|q|2
(141)

whichwillbeusedlater,inordertosimplifynotation. Thematrixelementsoftheinitial

state,intermsofthestrangenesseigenstates,arethus

ρSS=|KS KS|=
1

|N|2
(p2K0 K0−pqK0 K̄0−pqK̄0 K0+q2 K̄0 K̄0),

ρSL=|KS KL|=
1

|N|2
(p2K0 K0+pqK0 K̄0−pqK̄0 K0−q2 K̄0 K̄0),

ρLS=|KL KS|=
1

|N|2
(p2K0 K0−pqK0 K̄0+pqK̄0 K0−q2 K̄0 K̄0),

ρLL=|KL KL|=
1

|N|2
(p2K0 K0+pqK0 K̄0+pqK̄0 K0+q2 K̄0 K̄0).

Startingfromtheseexpressions,webegincalculatingtheelementsof

Oeff=




KS|O

eff|KS KS|O
eff|KL

KL|O
eff|KS KL|O

eff|KL



. (142)

Inordertoavoidcumbersomecalculations,thefirsttermwillbederivedindetailwhilethe

otherthreewillbewrittendownintheirfinalform,sincetheyareobtainedinananalogous

manner.

ReferringtoEq.(129)and(131),onecanwritethefirstmatrixelementas
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KS|O
eff|KS =2(KS|ρSS|KS cos

2αn
2
e−ΓStn

+ KS|ρLL|KS sin
2αn
2
e−ΓLtn

+ KS|ρSL|KS cos
αn
2
sin
αn
2
ei(φn−tn)e−Γtn

+ KS|ρLS|KS cos
αn
2
sin
αn
2
e−i(φn−tn)e−Γtn)−1.

(143)

Eachoftheelementsabovecanbefurtherwrittenas[Eq.(107)]

KS|ρSS|KS =
1

|N|2
(K0p− K̄0q)ρSS(pK

0 −qK̄0)

=
1

|N|4
(p4+2p2q2+q4)

=
1

|N|2
,

and,theotherthreecanbededucedinthesamemanner

KS|ρLL|KS = KS|ρLS|KS = KS|ρSL|KS =
δ2

|N|2

andwiththese,onefindsthefirstmatrixelementoftheeffectiveoperatoras

KS|O
eff|KS =

2

|N|2
cos2
αn
2
e−ΓStn

+
2δ2

|N|2
sin2
αn
2
e−ΓLtn

+
2δ

|N|2
cos
αn
2
sin
αn
2
ei(φn−tn)e−Γtn

+
2δ

|N|2
cos
αn
2
sin
αn
2
e−i(φn−tn)e−Γtn)−1.

(144)

Similarly,theotherthreematrixelementsofOeffcanbefoundas

KS|̃O
eff|KL =

2δ

|N|2
cos2
αn
2
e−ΓStn

+
2δ

|N|2
sin2
αn
2
e−ΓLtn

+
2

|N|2
cos
αn
2
sin
αn
2
ei(φn−tn)e−Γtn

+
2δ2

|N|2
cos
αn
2
sin
αn
2
e−i(φn−tn)e−Γtn)−δ,

(145)
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KL|O
eff|KS =(KS|̃O

eff|KL)
∗=

2δ

|N|2
cos2
αn
2
e−ΓStn

+
2δ

|N|2
sin2
αn
2
e−ΓLtn

+
2

|N|2
cos
αn
2
sin
αn
2
e−i(φn−tn)e−Γtn

+
2δ2

|N|2
cos
αn
2
sin
αn
2
ei(φn−tn)e−Γtn)−δ,

(146)

andfinally,thelastelement

KL|O
eff|KL =2(KL|ρSS|KL cos

2αn
2
e−ΓStn

+ KL|ρLL|KL sin
2αn
2
e−ΓLtn

+ KL|ρSL|KL cos
αn
2
sin
αn
2
ei(φn−tn)e−Γtn

+ KL|ρLS|KL cos
αn
2
sin
αn
2
e−i(φn−tn)e−Γtn)−1.

(147)

f. BellInequalitiesandResults

Havingadetaileddescriptionofourformalism,it’snowtimetolookatitspredictions.In

SectionI,weintroducedtwoBell-typeInequalities:theCHSHinequalityinEq.(9)andthe

SCGinequality,inEq.(13),andwejustifiedthelatterbythefactthatthereexiststateswhich

violateitanddonotviolatetheoriginalCHSH.Intheresultssection,wewillalsoseethat

theoptimalviolationoftheSCGinequalityissignificantlylarger,and,whenwewilldiscuss

thegeneralformalismandvary,anintriguingresultwillappear,namelyamuchstronger

robustnesstoavariationofthisparameterintheSCGasopposedtotheCHSHinequality.

First,toapplyourformalism,thetwoinequalitiesmustbewrittenintheir”witness”form,

namely

CHSHeff=Oeffn ⊗(Oeffm −Oeffm )+O
eff
n ⊗(Oeffm +Oeffm ), (148)

and
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SCGeff=Oeff(m)⊗(1+Oeff(n)+Oeff(n)+Oeff(p))

+Oeff(m)⊗(1+Oeff(n)+Oeff(n)−Oeff(p))

+Oeff(k)⊗(Oeff(n)−Oeff(n))

+1⊗(Oeff(n)−Oeff(n)).

(149)

Theparametersm,n,k,m,n,p,representthemeasurementsettingsofthetwoexperi-

menters,AliceandBob.Inourcase,theyrepresent(fixed)measurementanglesanddifferent

times,forexamplem={αm,φm,tm}. Theconstraintsthatmustbeobeyedbyalllocal-

realistichiddenvariabletheoriesare

|Tr[CHSHeffρ0]|≤2, (150)

and

Tr[SCGeffρ0]≥−4, (151)

respectively.ρ0isjustatime-independenttwo-particleinitialstate.Oneimportantfeature

oftheeffectiveformalismisthatonedoesnotneedtoperformoptimizationsoverallinitial

states,theoptimalviolationsarefoundwithintheeigenvaluesoftheeffectiveoperators,so

wewillignoreρ0altogether.

Theexperimentalset-upofaBell-testisratherstandard:apairofparticlesproduced

atasourcepropagateinoppositedirections. Theyaredetectedbytwoexperimenters,by

traditionnamedAliceandBob. TherearetwopossiblewaystotestanygivenBell-type

inequalityinthissituation:

•Fixthemeasurementtimesandmeasurefordifferentquasi-spins.

•Fixthequasi-spinsandmeasureatdifferenttimes.

Becauseofthescarcityofdirectionswhenitcomestochoosingaquasi-spin,theformer

optiondoesnotprovideinterestinginformation,otherthanwhatwouldbe,mucheasier,

obtainedwithnon-decayingsystemslikephotons. However,thedecayandstrangenessos-

cillationmakethelattermuchmoreappealing.Inshort,bothAliceandBobagreeupon
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FIG.10:ViolationoftheCHSHinequalitystartingwithfixedinitialstate.

asinglemeasurementdirection,sayK̄0andeachmeasureshisorherparticleatadifferent

time.

InFig.10,wereproduceaplotofEq.(150),consideringafixedinitialstateρ0=|ψ ψ|,

where|ψ isaBell-stateinthestrangenesseigenbasis. Whileaviolationisobserved,it’s

importanttonotethatthisisnotthemaximumonecanobtainwithinthissystem.

Inordertofindamaximalviolation,onemustconsidertheeigenvaluesoftheeffective

operator,thusinFig.11wepresenttwosucheigenvalueplots,correspondingtotheCHSH

andSCGinequalities.ThemeasurementsettingsfortheCHSHinsubfigure(a)areA(0,τ)

andB(τ,0),meaningthatAliceperformedtwomeasurements,oneattA1=0andtheother

attA2=τandBobmeasuredattB1=τandtB2=0,ineveryinstancethequasi-spin

directionremainedfixed(K̄0)whereτisaplotparameter.

Thenumericalvaluesobtained,fortheneutralkaonCP-violationconstant ≈10−3are

VCHSH≈0.11andVSCG≈1.58.

Inthefollowing,wewillpresentageneralizationofthiseffectiveformalism,thatcanbe

appliedtoanymultileveldecayingsystem,whichalsoretainsanoscillatingbehavioursimilar

tostrangenessoscillations. Wethengoontoprovideresultsonatwo-levelkaon-likemodel,

wherewecantreat asavariable,andillustratetherobustnesstoitsvariationofboth

inequalities.Intheend,wewillprovidetwodetailedmethodsofimplementingsuchamodel

withtrappedions.

TheplotfortheeigenvaluesoftheCHSHinequalityinFig.11-(a)reproducestheresults

fromRef.[18].Violationsofthisinequalitycanbefoundforothersymmetricmeasurement
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FIG.11: MinimalandmaximaleigenvaluesofCHSHeffandSCGeffwiththe

correspondinglimits.

settingsaswell,forexampleA(τ,0)andB(0,τ).Detailedplots,forvariousvaluesof are

presentedinAppendixB.

2. GeneralEffectiveFormalism

Inthissectionwedescribeourgeneralizationoftheeffectiveoperatorformalism.Later,

wewillseehowitcanbeappliedtoothersystemsbeyondneutralkaons.Thisgeneralization

isbasedontheBlochequationformalism[6]. Westartbytreatingaclosedthree-levelsystem

atzerotemperature,withpopulationdecayfromtheuppertwolevelstoagroundlevel(see

Fig.12)

Thelongandshort-livedstates|KS and|KL wouldcorrespondto|2and|1,respec-

tively.The|0levelplaystheroleofageneral”decayed”level.

ThetimeevolutionofasingleparticleisgivenbytheLindbladequation

ρ̇(t)=−i[H,ρ(t)]−
i

γi(
1

2
{Λ†iΛi,ρ(t)}−Λiρ(t)Λ

†
i), (152)

withΛibeingjumpoperatorsbetweendifferentlevels. Here,HisthemasstermM from

Eq.(105),anotationwewillmaintainthroughouttherestofthesection.Forourcase,these

Thederivationsandresultspresentedinthisandthefollowingsectionhavebeenpublishedaspartof[38]
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FIG.12:Ageneralthree-levelsystematzerotemperaturewithdifferentdecayprocesses.

Seethetextforfurtherdetails.

aregivenby

Λ20=|0 2|,

Λ21=|1 2|,

Λ10=|0 1|.

(153)

Takingintoaccountonlytheunitarypartofthetimeevolution

ρ̇(t)=−i[H,ρ(t)], (154)

anddenotingthedensityoperatorincolumnvectorformas

ρ=(ρ1,1,...,ρ1,N,ρ2,1,...,ρ2,N,...,ρN,N) (155)

theunitarypartbecomes

−i[H,ρ]=−i(H⊗1−1⊗HT)ρ. (156)

Asforthenon-unitarypartofthetimeevolution,wesimplifythenotationbywritingitas

ρ̇=
−γ

2
(Λ+Λ−ρ+ρΛ+Λ−−2Λ−ρΛ+), (157)

whereΛ+standsforΛ
†andΛ−standsforΛ.

UsingthetransformationfromEq.(156),wehave

Λ+Λ−·ρ=(Λ+Λ−⊗1)ρ,

ρ·Λ+Λ−=(1⊗(Λ+Λ−)
T)ρ,

Λ−ρΛ+=Λ−·(ρΛ+)=(Λ−⊗1)·(1⊗Λ
T
+)ρ.

(158)
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FIG.13:Comparisonofthe-dependenceoftheviolationlifetimeandmaximalviolation

fortheCHSHandSCGinequalities.

TheLindbladequationcannowbewritteninoperatorform

ρ̇=Aρ, (159)

withthetimeevolutionoperatorgivenbytheaboveresults

A=[−i(H⊗1−1⊗HT)

−
γ

2
(Λ+Λ−⊗1+1⊗Λ+Λ−−2Λ−⊗Λ−)].

(160)

Notethat,whileforthespecificwayinwhichwehavedefinedtheΛoperator,therelation

ΛT+ =Λ− holds,thisisnottrueingeneral. Withthis,thetimeevolutionequationofthe

decayingsystemissimply

ρ(t)=eAtρ(0). (161)

Worthmentioningisthatthisformulationofthetimeevolutionalsomakesanumerical

approachtowardssolvingtheproblempossible.

Thefinalstepistoconstructthegeneraleffectiveoperator.FromEq.(128)-(129)it

followsthat

E=Tr[2|kn kn|ρ(t)−ρ(0)], (162)

whereweusedthefactthatTr[ρ(0)]=1.Inordertoapplythetimeevolution,wewillwrite

everythinginvectornotationandthengobacktotheoriginalmatrixnotation,torecover
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thefinalformoftheeffectiveoperator.Denotingthematrix|kn kn|asK,wehave

E=Tr[2(K⊗1)ρ(t)−ρ(0)]

=Tr[2(K⊗1)eAtρ(0)−ρ(0)],
(163)

seeEq.(161).Invectornotation,oneshouldretaintheindicesfromthematrixnotation

(ρi,j),inorderforthetracetomakesense,thus,intheaboveequation,thetraceshouldbe

understoodas

Tr[ρ(t)]=
i

ρii(t). (164)

Finally,weapplytheexponentialtoKandreverttotheoriginalmatrixnotation,wherewe

replaceKeAtwithK(t)

E=Tr[(2K(t)−1)ρ(0)]

=Tr[Oeffρ(0)],
(165)

fromwhichonecansimplyidentifythegeneraleffectiveoperatoras

Oeff(kn,tn)=2K(kn,tn)−1. (166)

Here,thedependenceofKonthetimetnandmeasurementdirectionknhasbeenexplicitly

highlighted.

Theaboveeffectiveoperatorrepresentsmeasurementsperformedonasingleparticle,and

thepossiblesettingsaregivenbythemeasurement”angles”ofthequasi-spinandthevarious

times. Now,aspreviouslymentioned,onecantestcorrelationsbetweenlargernumbersof

particles,bytakingthetensorproductsofthecorrespondingeffectiveoperators.

3. ExperimentalImplementation

a. GeneralConsiderations

Beforelookingattwoexamplesofkaon-likebehaviourintrappedYbionswesummarize

thegeneralrequirementsforsimulatingkaon-likebehaviourwithions.
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FIG.14:Basicschemeneededtoimplementkaon-likebehaviour

AsshowninFig.14,theremustbetwolevelswhichweidentifyas|1 = |K01 and

|0=|K02 andconsecutively|K0 =|+ andK̄0 =|−with|±=(|0±|1)/
√
2.There

shouldbenodecaybetweenthesetwolevels(asthereisnodecaybetween|K01 ≈|KS

and|K02 ≈|KL). Besideatwo-qubitgatetocreateentanglementalsoarbitrarysinge-

qubitrotations(forexamplebyusinganRF-field)areneededforpreparation,inducingkaon

oscillationandchoosingarbitrarymeasurementdirections.

WithoutCPviolation,theoscillationbetween|K0 andK̄0 correspondstoanoscillation

aroundthez−axisgivenbyU(t)=exp(−iδtσz)withthePaulimatrixσz. Therotation

frequencyδisgivenbythedetuningδ=ωK−ωLbetweenthelevelsplittingωK andthe

referencelaserωLdeterminingtherotatingreferenceframe.

TheCPviolationεleadstoseveraleffects.Forexample|K0(t)isdecayingfasterthan

K̄0(t)andthedecayrateforbothstatesstarttooscillate.Furthermoretheirexpectation

valuesσz(t)undergosmalloscillationsandwefindσz(t)K0≥ σz(t)K̄0foralltimes.This

behaviourcanbesimulatedbyslightlytiltingtherotationaxis.Theconnectionbetweenthe

CPviolationandthetiltingisgivenby

δ
√
δ2+Ω2

=
1−ε

1+ε
(167)

withtheRabifrequencyΩdeterminingthestrengthofthelaserormicrowave.

Twoadditionallevelsareneeded,oneforfluorescencedetection(fromwhichafastdecay

mustexisttooneofthequbitstates)andanother,representingthestateofdecayproducts,

withamoderatedecayrateΓSfromoneofthetwoqubitstates.

Ingeneral,arbitraryvaluesfortheoscillationfrequencyω,thedecayrateΓSandtheCP-
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FIG.15:Animplementationoftheeffectiveformalismusing171Yb+.Thequbitisdefined

betweenthetwolevelsmarkedwiththickdots.

violationεcanbechoosenforourionsystem.However,thebehaviouroftheheredescribed

ionsystemmimicskaon-likebehaviouronlyforsmallvaluesoftheCPviolation,thatis

ε ω/ΓS.ThisbecomesapparentifwelookatEq.(97)whichleadstounphysicalbehavour

forlargeε.

Inthefollowing,weproposetwoexamplesofexperimentallytestingthepredictionsofour

effectiveformalism,usingtrappedYtterbiumisotopes.

b. Example1

Thefirstproposalisbasedonthelevelstructureof171Yb+ sketchedinFig.15. The

qubitisdefinedas|0 =|S,F=0 and|1 =|S,F=1,mF=1 andthedecayedstate

isrepresentedby|S,F=1,mF=0 and|S,F=1,mF=−1.|0and|1arebothlong-

livedstates.However,decaycanbegeneratedbyweakdrivingofthe|S,F=1,mF=1 ↔

|P,F=0 transitionwithσ− polarizedlight.From|P,F=0 thestatedecaysfasttoall

|S,F=1,mF states.Itisimportanttonoteherethatthestrengthofthedecayisthus

tunable,bytuningthestrength/durationofthetransitions.

Thisdecaybehaviourisslightlydifferentfromkaons,because|0doesnotdecayandthere

isanon-zeroprobabilityof|1”decaying”toitself,whichleadstodephasing. Moreclearly,
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FIG.16:Theeffectofdephasingontheviolationlifetimes(unitsof10ns)fortheSCG

inequality,intermsof.Hereweplotboththecaseof(a)onlydecaywithstrengthγSand

(b)splittingγSinto2/3decayand1/3dephasing.

whileforneutralkaonsonecouldexpressthedecayprocessas

Γ=γS|decayed 1|+γL|decayed 0|, (168)

where,forclarityofnotation,theshort-livedkaonstatehasbeenidentifiedwith|1 and

long-livedkaonstatewith|0;thecasefortheexample1isdescribedby

Γ=γS
2

3
|decayed 1|+

1

3
|1 1|, (169)

wherethereisalwaysachanceofdecaytotheinitiallevel(dephasing).InFig.16weplot

theviolationlifetimesintermsoftheCP-violationparameterwithandwithoutsplittingγS

into2/3decayand1/3dephasing.

Theessenceoftheeffectiveformalismisthatitdoesnotdistinguishbetweenanon-

detectioneventandoneofthetwopossiblestates(decayedor|K0 ,whenmeasuringK̄0,

inthekaoncase).Thiscouldbetranslatedinto

P|̄K0

P(Y)

+P|K0 +Pdecayed

P(N)

=1. (170)

Thisprovidestheoptionofperformingtheoppositemeasurement(correspondingtoP(N)

above).Forthis,weperformapopulationinversionbetweenthe|S,F=1 sublevelsandthe

|S,F=0 level.Then,atypicalfluorescencemeasurementcanbeperformedontheSlevel.
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Thereisalsoasecondoptiontoperformthepopulationinversionandthatisapopulation

shelvingfromthetwosublevels,representingthedecayedstate,tosomeotheratomiclevel.

Anothernecessarysteptosimulatekaonistogenerateentanglementbetweentwoions.

Thisisachievedinourexamplebyusing MAGIC(MagneticGradient-InducedCoupling)

[28,34].

Statedetectionoftheionisachievedbyasinglequbitrotationtochoosethemeasurement

directionandconsecutivelydrivingthe|S,F=1 ↔|P,F=0 transitionwithunpolarized

lightanddetectingthescatteredphotons.Unfortunately,thisstatedependentfluorescence

measurementisonlyabletodistinguishbetweenthestates|S,F=0 and|S,F=1,but

cannotresolvethesublevels|mF=0,0/±1.Therefore,eachprobabilitymeasuredinsuch

awaywillcorrespondtothesumoftheprobabilityP(|kn)tobeinthestate|kn plusthe

probabilitythattheion/kaonhasalreadydecayed.Therefore,insteadofmeasuringP(K̄0)

werotate|K0 =|+ ontothestate|1andperforminthiswayaninversemeasurement

anddeterminethepropbabilityP=1−P(K̄0).Thatis,insteadofasking”Whatisthe

probabilitycorrespondingtothestateK̄0,wemayequivalentlyask”Whatistheprobability

fornotobtainingK̄0?”.

c. Example2

Asecondwaytoimplementtheformalismistouse172Yb+ions.Inthiscase,thequbitis

definedbetweentheD3/2,mj=−3/2andD3/2,mj=−1/2levels(Fig.17).

TheimplementationisdonebyrunningapumplaserbetweentheSandPstates,this

leadstoapopulationtransfertoallfourD3/2sublevels,duetodecay.Thenacombination

ofπandσ− polarizedlasersmovethepopulationsoftheupperthreeDsublevelstothe

|[3/2,1/2]states,andultimatelytotheD3/2,mj=−3/2sublevel.

CoherentdrivingoftheD3/2,mj=−3/2↔ D3/2,mj=−1/2transitioncausesaprob-

lem,becausethelevelsplittingofallD3/2 statesareequal.Toisolatethistransition,an

ACStarkshiftisinduced,toincreasethedistancebetweenthequbitlevelsandthesublevels

mj=1/2andmj=3/2.

ThedecayismodelledbyaweakpulsedrivingthetransitionsD3/2,mj=−1/2↔ P1/2.
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FIG.17:Animplementationoftheeffectiveformalismusing172Yb+.Thequbitisdefined

betweenthetwolevelsmarkedwiththickdots.TheeffectoftheACStarkshiftisalso

showninthelowerbox.

Finally,wetransferagainthestate|K0 onto|P beforeperformingastatedependent

fluorescencemeasurementbydrivingthe|S ↔|P transition.Thismeasurementisagain

aninversemeasurementsimilartothefirstexample,essentiallymeasuringtheprobability

1−P(̄K0)(usingkaonnotation).

Inbothexamples,twoionscanbeentangledwiththehelpofMAGIC[28,34]togenerate

abipartitesystemwithsimilarpropertiesaspairsofneutralkaons.

Tworemarksneedtobemadehere.First,thetimeevolutionof”decay”and”oscillation”

commuteonlyforε=0.Inthiscase,weareabletoswitchonthelasers/microwaves

causingthedecayandtheoscillationoneaftertheother. However,forε=0ourwayto

modelinterferewiththeoscillation. Therefore,wehavetousetheTrottertheoremand

approximatedthetimeevolutionbyswitchingbetweenoscillationanddecayinshorttime

intervals.Thisisastandardmethodindigitalquantumsimulationsandtheapproximation

canbemadearbitrarilygoodbyshortinge.g.thetimeintervals(seee.g.[30]).

Second,asexplainedabove,therearedifferentdecaychannelsbetweenkaonsandthe

chosenionexamples[compareEq.(168)andEq.(169)]. Thisdoesnotsignificantlymodify
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thenatureresultsforsmallCPviolations asdepictedinFig.16.

4. Summary

Thereasonsforaneffectiveoperatorformulationofanopensystemarebettercontrolof

statenormalizationandeasiergeneralizationtomultipartitesystems.Theexistingformalism

[18]wasdesignedaroundthecharacteristicsofneutralkaonsandprovidedamethodfor

entanglementdetection.Ourtaskwastogeneralizethisformalismtoarbitraryopenquantum

systemsandsuggestanapplicationtothecaseoftrappedYtterbiumions. Thechosen

levelschemesandmanipulationtechniquesallowedthesimulationofkaonbehaviourand

thuswecouldreproducetheresultsoftheinitialformalism. Theeffectiveoperatoralso

allowsreducingtimeevolutiontoamatrixexponentiationoperation,thusmakingnumerical

implementationseasier.

Onecouldfurthergeneralizetheformalismtoinclude multilevelsystemsanddecay

schemes,forexampledecaybetweentwolevelsthatarenotconsideredpartoftheenviron-

ment,ortheintroductionofartificialoscillationsandstatenon-orthogonality,whichcould

beusefulinstudyingnoiseandimperfectstatepreparationupontheentanglementinitially

presentinthesystem.

60



IV. IntroductiontoSemidefiniteProgramming

Inthefollowingsectionwedescribeamethodforobtaininggenuinelymultipartiteentan-

gledstates,withseparabletwo-bodymarginals.Themethodusestwosemidefiniteprograms

foroptimizingtheviolationofawitness,byapplyingoneprogramonthewitnessandthe

secondonthestate.Beforethat,however,weneedtoconsiderthisoptimizationprocedure

insomedetail,whichisthepurposeofthissection.

A. LinearProgramming(LP)

Priortodiscussingsemidefiniteprogramming(SDP),ithelpstoreviewasimplerproblem,

namelythatoflinearprogramming(LP).Thestandardformofalinearprogramis[44]

maxcTx

s.t.:

Ax=b,

x≥0,

(171)

withxbeingavectorofnvariables,withallnon-negativecoefficients.

AsetK isknownasaclosedconvexconeifforanyx,ω∈K andα,β∈IRn+,then

αx+βω∈K,andKisaclosedset.

Thelinearprogrammingproblemcanthusbeformulatedas[21]: minimizethelinear

functioncT·x,suchthatxsolvestheequationsA=b,andxisintheconvexconeK.

Tothelinearproblemtherecorrespondsadualproblem,acasewhichwewillalsoen-

counterwithsemidefiniteprograms,lateron.Thedualcanbeformulatedas

minbTy

s.t.:

ATy+s≥c,

s≥0,

(172)

Nowwecancomputetheso-calleddualitygapsimplyasthedifferencebetweenthetwo

functionsoverwhichoptimizationisperformed

61



cTx−

m

i=1

yibi=(c−

m

i=1

yiai)x=sx≥0, (173)

sincex≥0ands≥0.FromLP-dualitytheory,weknowthat,iftheboundaryisfeasible

andhasaboundedoptimalobjectivevalue(notionsweshalldiscussindetailforSDPs),the

primalanddualbothachievetheiroptimawithzerodualitygap.Thus,thereexistsx∗,and

apair(y∗,s∗)suchthat

cTx∗−
m

i=1

y∗ibi=s
∗x∗≥0. (174)

B. SemidefiniteProgramming(SDP)

Thissectionbrieflyoverviewstheconvexoptimizationprocedureknownassemidefinite

programming.Theaimofsemidefiniteprogrammingistominimizealinearfunctionunder

theconstraintthatanaffinecombinationofsymmetricmatricesispositivesemidefinite.This

isaconvexconstraintincludingsemidefiniteprograms(SDPforshort)intheclassofconvex

optimizationproblems.Thisoverviewisashortsummaryoftheintroductiontosemidefinite

programmingfoundinRef.[50].OtherresourcesdiscussingvariousaspectsofSDPsindetail

areRef.[21,44,53].

AnSDPcanbeformulatedastheproblemofminimizingavariablex∈Rm intheform

mincTx

s.t.:

F(x)=F0+

m

i=1

xiFi

F(x)≥0.

(175)

Thevectorc∈Rmandthem+1symmetricmatricesF0,...,Fm∈R
nxnrepresenttheproblem

data,whiletheF(x)≥0constraintmeansthatF(x)isapositivesemidefinitematrix,

zTF(x)z≥0, (176)

or,alternately,alleigenvaluesofF(x)arepositive.
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AnSDPisaconvexoptimizationproblemsinceforF(x)≥0andF(y)≥0,forall

λ∈[0,1]wehave

F(λx+(1−λy))=λF(x)+(1−λ)F(y)≥0, (177)

henceboththeobjectivefunctionandtheconstraintareconvex.

Itmayproveusefultonotethat,sincesemidefiniteprogrammingcanberegardedasan

extensionoflinearprogramming,thelinearproblemdescribedinEq.(171)canbeformulated

asanSDPwiththeconstraints

F0=diag(b),

Fi=diag(ai),
(178)

foralli=1...m.

TotheSDPonecanthenassociateadualsemidefiniteprogram(fromnowonitwillbe

referredtoasSDD)oftheform

max −Tr(F0Z)

s.t.:

Tr(FiZ)=ci,

Z≥0,

(179)

again,foralli=1...m.Inthiscase,thevariableisthematrixZ=ZT∈Rnxn.

HenceforthwerefertotheoriginalSDPastheprimalproblemandtotheSDDasthe

dualproblem,andconsideramatrixZtobedualfeasibleif

Tr(FiZ)=ci,

Z≥0.
(180)

Togobacktothepreviousexample,thelinearproblemassociatedwithF0=diag(b)and

Fi=diag(ai)canbeassociatedwithadualoftheform
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max −Tr(diag(b)Z)

s.t.:

Tr(diag(ai)Z)=ci,

Z≥0,

(181)

withi=1...m.

DuetothesemidefiniteconstraintZ≥0andthefactthattheconstraintsinvolvediagonal

elementsofZexclusively,thisformoftheSDDcanbesimplifiedbyconsideringonlyZ

matricesofdiagonalformwrittenasvectorsz=diag(Z),andtheSDDbecomes

max −bTz

s.t.:

aTiz=ci,

z≥0,

(182)

withi=1...m.

OneimportantpropertyofSDPsandtheirassociateddualsisthatonesetsboundsonthe

optimalvalueoftheother.IfFisdualfeasibleandxisprimalfeasible,thenthefollowing

alwaysholds

cTx+Tr(ZF0)=
m

i=1

Tr(ZFixi)+Tr(ZF0)=Tr(ZF(x))≥0, (183)

becauseTr(AB)≥0ifA=AT≥0andB=BT≥0.Thisreducesto

−Tr(F0Z)≤c
Tx, (184)

sothedualobjectivevalueofanydualfeasiblepointZissmallerthanorequaltotheprimal

objectivevalueofanyprimalfeasiblepointx.

Withthis,onecandefinethe dualitygapηas

η=cTx+Tr(F0Z)=Tr(F(x)Z). (185)
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IfαistheoptimalvalueoftheSDP

α=inf{cTx|F(x)≥0}, (186)

foranydualfeasibleZandprimalfeasiblex,then−Tr(ZF0)≤α.Analogouslyifβisthe

optimalvalueoftheSDD,

β=sup{Tr(F0Z)|Z=Z
T≥0,Tr(FiZ)=ci,i=1...m}, (187)

thenβ≤cTx. Thisistobeunderstoodasdualfeasiblematricesimposingalowerbound

ontheprimalproblemsandprimalfeasiblepointsimposinganupperboundonthedual

problem. Whatonegenerallyseesisthat,inpractice,theratherstrongconditionα=β

holds.

TheoremIV.1.Theconditionα=βholdsifanyofthefollowingrequirementsistrue:

•Theprimalproblemisstrictlyfeasible,thusthereexistsxsuchthatF(x)≥0.

•Thedualproblemisstrictlyfeasible,thusthereexistsZsuchthatZ=ZT>0.

ForaproofofthistheoremseeRef.[36].

C. Examples

Twoexamplesofsemidefiniteprogrammingapplicationsinquantuminformationtheory

willbeprovidedhere.FormoredetailandimplementationsseeRef.[43].

Fidelity

FidelitycanbedefinedbetweentwoHermitianpositive-semidefiniteoperatorsPandQ,

as

F(P,Q)=||P1/2Q1/2||=max
U
|Tr(P1/2UQ1/2)|. (188)

ThisquantitycanbeexpressedasanSDP
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max
Z∈Cnxn

1

2
Tr(Z+Z∗)

s.t.:



P Z

Z∗Q



≥0

(189)

PhaseRecovery

Here,themainproblemistoreconstructthephaseofavector,aboutwhichweonlyknow

themagnitudeofsomelinearmeasurements. GivenalinearoperatorAandavectorbof

measurementamplitudes,onecandefineapositive-semidefiniteHermitianmatrix

M =diag(b)(1−AA†)diag(b), (190)

andformulatethePhase-cutproblemas

min
U
U,M

s.t.:

diag(U)=1

U≥0,

(191)

whereUmustnecessarilybeHermitian. ThismethodwasproposedinRef.[51]andan

implementationisgiveninRef.[43].
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V. ProvingGenuine MultipartiteEntanglementfromSeparableNearest-Neighbour

Marginals

A. Introduction

Anessentialpropertyofquantumsystemsisthattheycanbeentangled,meaningthat

thestateofthesystemcannotbefactorized.Inthemultipartitecase,itisalsointeresting

toaskwhatistherelationshipbetweentheglobalpropertiesofthesystemandthelocal

propertiesofitssubsystems. Thisisaratheroldproblem,sometimescalledthemarginal

problem,ortherepresentabilityproblem[16].Thenotionthatarisesfromthisisemergence,

theappearenceofglobalpropertieswhichcannotbefoundinthesubsystems.Inthecase

ofentanglement,thesearchisfurthermotivatedbytheexistenceofentangledstateswith

separabletwo-bodymarginals,whereentanglementcanbeprovenfromthemarginalsalone.

Suchobservationshavebeenmadeinthecontextofspinsqueezing[47,48],andofBell

inequalities[49,56],wherethemarginalsarecompatiblewithalocalhidden-variablemodel,

buttheglobalstateisnot,andthiscanbeprovenfromthemarginals.

Thequestionposedintheabovepaperswaswhetherornottheglobalstatecanbe

factorized,thusifitisfullyseparable.Inotherwords,ifthestatedoesnotfactorize,itis

entangled,butnotnecessarilygenuinelymultipartiteentangled.Thusthequestionofproving

thatastateisgenuinelymultipartiteentangledjustfromseparabletwo-bodymarginalsstill

remained.

In[33],theauthorshaveprovidedamethodofdetectinggenuinelymultipartiteentangled

states,withseparabletwo-body marginals,whereentanglementcanbeprovenfromthe

marginalsonly.Theyhavealsoprovidedaschemeforconstructingstateswiththedesired

propertiesforanynumberofparticles,andgaveexamplesofnumericallyfoundstatesforup

tofiveparticles.

Thecontentsofthissectionhavebeenpublishedas:

M.Paraschiv,N. Miklin,T. Moroder,O.G̈uhne,”ProvingGenuine MultipartiteEntanglementfrom

SeparableNearest-NeighbourMarginals.”,inpreparation.
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FIG.18: Allpossibletreeconfigurationsofknown

marginalsfor5qubits.

Ouraim hereistogoone

stepfurtherandsee whathap-

penswhenonlynearest-neighbour

marginalinformationis known,

stillall marginalsareseparable.

Wewillseethatitispossible,al-

thoughwhite-noisetolerancesuf-

fersstrongly,thatonecanprovethe

genuinemultipartiteentangledness

oftheglobalstatejustfromsep-

arabletwo-bodynearest-neighbour

marginalsonly. Wewereableto

goashighassixqubits,forvar-

iousconfigurations. InFig.18

wepresenttheusefulconfigurations

forfivequbits,excludingcasesin

whichpartiesarenotconnectedor

caseswherenon-neighbouringpartiesareconnected.Inthelatterpartofthepaper,we

presentamethodofconstructinghigher-dimensionalstates,usingcopiesofthenumerically

foundfiveandsixqubitstates.

B. Implementation

Toobtainanoptimalstate,withthedesiredproperties,weimplementourprogramasa

sequenceofsteps,overwhichaniterationisperformed,untilthedesiredprecisionisreached.

Step0:Generateaquasi-randompurestateρ.Byquasi-randomwejustmeanthestate

shouldnothavetoomuchsymmetry,arandommatrixgeneratedwiththePythonrandom

packagesufficesforthis.

Step1:Insertthestateintothefirstsemidefiniteprogram(SDP).Thepointofthis

programistofindanoptimalwitness,thathasthesmallestexpectationvaluepossible,with
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respecttothegivenstate.Formally,onewritesthisprogramas

minTr(Wρ)

s.t.:

Tr(W)=1

W =
i,j

N−2

k=0

ωi,j1
⊗kσαi⊗σ

β
j⊗1

⊗(N−2−k)

W =PM +Q
TM
M PM,QM ≥0

(192)

Thefirstcondition,Tr(W)=1isjustanormalizationconditiononthewitness. Whilethe

witnessparametrizationwechosehere(Tr(W)=1)isnottheonlypossibleone,itdoes

howeverassurethebestnoiserobustness. Thepermutationsinthesecondconditionare

takenonlyovernearest-neighbourmarginals. Thesecondconditiontellstheprogramthat

thewitnessonlyhasinformationaboutnearest-neighbourmarginals,whilethelastcondition

ensuresthatthewitnessisfullydecomposable,henceitcandetectnon-PPTmixtures.

Step2:Inserttheoptimalwitness,fromthepreviousstep,intoasecondSDP,whose

purposeistoobtainanoptimalstate,thatminimizestheexpectationvalueof Wasmuch

aspossible.Thisprogramis

minTr(Wρ)

s.t.:

Tr(ρ)=1

ρ≥0

ρTαα,β≥0∀α,β

(193)

Whilethefirsttwoconditionsarepresentjusttoassurethefactthat ρisstilladensity

matrix,thethirdonerepresentstheconstraintthatallmarginalsofρmustbeseparable(not

justthenearest-neighbourones).

Onecannowrepeattheiterationbetweensteps1and2,obtainingabetterapproximation

ofanoptimalstatewitheachadditionalstep.

Inpractice,thetwoSDPshavebeenimplementedinPython,usingthePicos[43]convex

optimizationinterface.Afteraremarkablysmallnumberofiterations(usually2or3),one

wouldalreadyfindastatethatsatisfiesthedesiredrequirements. Onaregulardesktop
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configuration,thefourqubitstateisobtainedinunderaminute,thefivequbitstatein

around45minutesandthesixqubitstateinaround6hours. Wethusmanagedtoobtain

suchstatesforfour,fiveandsixqubits,forvariousconfigurations(seeFig.18). Westarted

withapureinitialquasi-randomstate,andit’simportanttomentionthatalloptimalstates

arealsopure,exceptforone,thefour-qubitlinearstate(equivalenttothetopconfiguration

inFig.18). Theobtainedstatesarealsouniquelydetermined,thatis,thecorresponding

smallesteigenvalueofthewitnessisnon-degenerate.Thiswillprovetobeessentiallateron,

whenwediscussgeneralizationsoftheseresults.

C. Results

Inthissection,wepresenttheresultsobtainedbyusingthepreviouslydescribedmethod.

Thestartingpointisarandomlygeneratedpurestate.ThisstateispassedthroughtheSDP

fromStep1,andanoptimalwitnessisobtained. Amongtheconstraintsimposedonthe

witnessisthatitisfullydecomposableandthatonlyinformationaboutnearest-neighbour

two-bodymarginalsisknown.ThiswitnessisthenpassedthroughthesecondSDP,described

inStep2,andweobtainastatewhichprovidesamaximalviolationofthewitness,while

undertheconstraintthatallitstwo-bodymarginalsareseparable(equivalenttoPPTin

thiscase).Finally,thisstateisagainpassedthroughthefirstSDP(Step1).Afterasmall

numberofcycles,astateisobtained,satisfyingtheconditionthat,eventhoughallitstwo

bodymarginalsareseparable(fromtheconstraintatStep2),onecanstillprovethestateis

genuinelymultipartiteentangledbyknowingthetwo-bodynearest-neighbourmarginalsonly

(secondconstraintimposedatStep1).

1. FourQubits

Therearetwopossibleconfigurationsforfourqubits,alinearstate,andahalf-starshaped

state(theinteractionofoneparticlewiththeotherthreebeingknown). Whileforboth

configurationsweobtainedgenuinelymultipartiteentangledstateswiththedesiredrequire-

ments,thelinearstateisnotpure. Weshowheretheotherstate,whichispureanduniquely
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determinedbyitsnearest-neighbourtwo-bodymarginals.

|ψ4 =
1
√
87
(5|φ1 +

√
10|φ2 +

√
3|φ3 +7|φ4) (194)

wherethecomponentstatesare

|φ1 =
1
√
2
(e
3π
7
i|1100−|0000)

|φ2 =
1
√
5
(e
π
4
i|0101−|0111−|1000−|1001−|1111)

|φ3 =
1
√
6
(e
−2π
3
i|0010+|0011+|0100+|1010

+|1101+|1110)

|φ4 =
1
√
2
(|0110−|1011)

Thisistheclosestanalyticalstatetotheoneobtainednumerically. Thewhitenoise

toleranceofthenumericalstateis0.35%.

2. FiveQubits

Weshowherethelinearfivequbitstate. Therearethreepossibleconfigurations,in

whichonlynearest-neighbourinformationisknown(Fig.18).Thisstateispureanduniquely

determined.

|ψ5 =
1

α
(
1

4
|φ+

3

2

3

10
|η+

1

14
e
2πi
3 |11101

+
2

11
e
−3πi
13 |11111)

(195)
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wherethecorrespondingsubstatesare

|η=
2

15
(

√
6

2
|η1 +

√
2|η2 −2|η3)

|η1 =
1

6
(|00011−|00001−|01001+|01010

−|10000+|10011))

|η2 =
1

3
√
2
(e
πi
8|01100+e

πi
8|11001+4|11110)

|η3 =
1

2
(|11010+|11100+|11000+|00000)

|φ=
1

β
(
1

2
|φ1 +

√
2

3
e
πi
4|φ2 +

√
3

5
|φ3 +2|φ4)

|φ1 =
1

2
(e
πi
4|00010−

1

2
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2
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+|01110−
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1
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|φ4 =
1

2
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Here,αandβaretwonormalizationconstantswhichhavebeenleftout,forclarity.Due

totheseverelimitationontheinformationregardingthemarginals,thestatehasverylow

noiserobustness(around0.11%),buttheentanglementoftheglobalstatecanbeproven

fromtheseparablenearest-neighbormarginalsonly.

3. SixQubits

Inthiscase,therearefourpossiblenearest-neighborconfigurationsand,likeinthefive

qubitsituation,theyareallpureanduniquelydetermined.Duetoitssize,wepresentthe

stateinnumericform,inAppendixA1,uptosomenormalizationcoefficient.

Itisimportanttoalsomentionthatnoisetoleranceforthenumericalsixqubitstate

isapproximately0.02%,andtheexpectationvalueoftheoptimalwitness,togetherwith

thisstate,whilenegative,isoftheorderof10−4. Allconfigurationsfornearest-neighbour

marginalsthathavebeentestedarepresentedinTableIII(AppendixA1).
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D. Generalization

Thepurposeofthislastsectionistoprovethatonecouldusethestatesfoundsofar,in

ordertoconstructstates,ofmuchlargersystems,withthesameproperties.Thedownside

tothisgeneralization,however,isthatonemustresorttohigherdimensionalsystems,where

eachpartydoesnotconsistofonlyaqubit.Thestateweuseheretoexemplifyisthelinear

fivequbitstate.Thefirstexampleisforasimplesix-partysystem,depictedinFig.19.

Thestatewewanttoconstructis|θ.ThepartiesAandFhaveasinglequbitwhilethe

onesfromBtoEhavetwoqubits. Wedepictthetwo-partymarginalsbybluelines.Allwe

needtodoistodistributetwocopiesofthepurefivequbitstate,representedbythethick

redlines,(thestate|ψ5 inEq.(195))amongthesixparties.

Everytwo-partymarginalisadirectproductofseparablestates,thusitisitselfseparable.

Duetothefactthat|ψ5 isuniquelydeterminedbyitstwo-bodynearest-neighbourmarginals,

ifoneknowsthemarginals,onealsoknowsthestate|ψ5 andthewaycopiesofthisstate

havebeendistributedamongtheparties.Thisalsomeansthattheglobalstateitself,namely

|θ,isuniquelydeterminedbyitstwo-bodynearest-neighbourmarginalsaswell.

Theconstructedstateisalsopureandcannotbefactorizedforanybipartitionofthe

system,soitclearlyisgenuinelymultipartiteentangled,andthisentanglementisproven

fromthenearest-neighbortwo-bodymarginalsonly,sincetheconstructedstateisjustmade

upofcopiesof|ψ5.

Oneremarkthatmustbemadeinthiscaseisthatit’sessentialthatthelinearfive-qubit

statewe’reusingherebeuniquelydeterminedbyitsmarginals,andthishasbeentestedfor

allnumericallyobtainedstatesandfoundtobetrue.

Ifweconsidera4×4two-dimensionallattice,asdepictedinFig.20,itcanbefullycovered

byusingfourcopiesofthelinearfive-qubitstate.NodesH,I,LandPcontaintwoqubits,

onefromeachcopyofthestate,sowerequireatotalof20qubitstoconstructthedesired

latticestate.

Nowwetrythesameprocedureforanarbitraryconfiguration.Considerthetenparties

(AtoJ)inFig.21.Eachofthepartieshasatleastonequbit(HandJ)andatmostthree

(CandF).Byrepeatingthesamealgorithmasabove,anddistributingasfewcopiesofthe

five-qubitstateaspossible,whilestillcoveringeverypartybyatleastonecopy,weobtaina
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FIG.19:Constructingastatewith

thedesiredpropertiesforasimple

six-partyconfiguration.

FIG.20:Coveringa

two-dimensionallatticewithlinear

numerically-foundstates.

ten-particlestate,withthesamepropertiesastheoneabove.

Onecouldstartherebyusingalargenumberofcopies,inanon-optimalsituation,making

surethattwostatescoverjustonetwo-partymarginal.Thiswouldthusmeanthrowingaway

alargenumberofqubits,andstillbeabletoconstructthedesiredstate.Againthefactthat

theunderlyingnumericallyobtainedstatesarepureanduniquelydeterminedisessential.

Duetothefactthat,withoursemidefiniteprogram,wewereabletogoashighassix

qubits,onecouldtakeadvantageofthisandusethelinearsix-qubitstateinstead. While

lessrobusttonoise,anarbitraryconfigurationwouldrequirelesscopiesofthestate,thus

helpingtoreducededimensionalityofsomeofthesystems(forexampleCandFinFig.21

arethree-qubitsystems).

Thefactthatonecancreatethesestatesforverylargesystems,andstillmanagetoprove

theentanglementfromnearest-neighbourmarginalsonlymustbestressed.

Whileinourwork,weonlylookedattwo-bodymarginals,theproblemcouldbetaken

onestepfurtherbyalsotreatinghigherordermarginalsandprovingthegenuinemultipartite

entanglementoftheglobalstatejustwiththeknowledgeofthosemarginals. Thiswould,

however,requiremoreinformationaboutthestate.

Asafinalremark,thestatespresentedherehavearatherlownoisetolerance(forexample

0.02%forthesixqubitstate),anditdecreaseswiththeincreaseinthenumberofqubits.This

ismainlyduetothestrongconstraintonnearest-neighbourinformationonly.Nevertheless
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FIG.21:Constructingastatewiththedesiredpropertiesforanarbitraryconfiguration.

itwouldbeinterestingtoseeanexperimentalstudyoftheeffectsdiscussedhere.

1. Summary

Inthissecondpartwepresentedourworkontheproblemofdetectinggenuinemultipartite

entanglementforstateswithseparabletwo-bodymarginals.Thisisanoptimizationproblem

thatcanbeconvenientlyformulatedintermsoftwosemidefiniteprograms.Thedetailsofthe

implementationaregiveninAppendixA2. Bygraduallyincreasingthesizeofthesystem

andapplyingiterativelythetwoprograms,wemanagedtoobtainstateswiththedesired

propertiesforfour,fiveandsixqubits.Remarkably,allstatesarepure,exceptforthefour

qubitlinearstate(see. AppendixA1),andallareuniquelydeterminedbytheirnearest-

neighbourtwo-bodymarginals. Takingadvantageoftheseproperties,wealsoprovideda

waytoconstructarbitrarilylargequantumstates,byusingmultiplecopiesofthenumerically

foundones,andretainingthesameentanglementproperties.
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VI. Conclusion

Thisthesisbringstogetherourapproachtotwoproblemsinthestudyofquantumentan-

glement.Inthefirstpartweaddressedthequestionofentanglementlossinanopensystem

whileinthesecond,theappearanceofgenuinemultipartiteentanglementinamultiparticle

systemwherethereducedstatesarenotentangled.

Whileconsideringaspecificunstableparticle,weexpandedonanalready-existingeffec-

tiveformalismandobtainedageneralization,applicabletoanymultilevelquantumsystem.

Thisprovidesthemeanstotestthelossofentanglementinasystemincontactwithan

environment,inaverybroadsense,withouttheneedtoconsidertheenvironment’sdegrees

offreedom. Morespecifically,inthecaseofneutralkaons,theexactdecayproductstatesfor

everyeventneednotbespecified,inordertotestthepresenceofentanglementbetweenthe

particle-antiparticlepair.Duetothenormalizationprocedurethatincludesdecayproducts,

onecanobserveentanglementforatimecomparabletothelifetimeoftheshort-livedkaon

state. Finally,weprovidedtwoexperimentalexamplesofhowthisgeneralizedformalism

couldbeusedinpractice,tostudyentanglementbyusingtrappedions.

Theusageoftheeffectiveformalismcanbefurtherexpandedbyconsideringanarbitrarily

highnumberoflevelsandpopulationdecayalsoinsidethesystem(betweenlevelsthatare

notpartoftheenvironment). Forabetterunderstandingoftheeffectofimproperstate

preparationornoise,onecouldartificiallyintroducebehaviourssimilartoCP-violaionand

particleoscillation.

Inthesecondpartofthethesis,thequestionofentanglementasanemergentphenomenon

hasbeenconsidered.Byimposingtheconstraintsthatadesiredmultiparticlestateshould

haveseparabletwo-bodymarginals,buttheglobalstateshouldbegenuinelymultipartite

entangled,wemanagedtonumericallyfindstatessatisfyingtheseconditions.Furthermore

weprovedtheentanglementoftheglobalstateonlyfromaknownsubsetofnearest-neighbour

two-bodymarginals.Intheendweprovidedameansofconstructingarbitrarilylargestates

withthesameproperties,byusingthenumerically-foundonesasbuildingblocks.

Thoughweonlyconsideredtwo-bodymarginalsinourwork,itwouldbeinterestingto

seegenuinemultipartiteentanglementprovenfromlargersubsystemsaswell. Thiswould,

howeverrequiremoreinformationabouttheglobalstate.
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APPENDIXA1

Wepresentherethenumericalformofthefourqubitstate,fromSectionD.1.
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Also,thenumericalformofthefivequbitstate,presentedinSectionD.2.
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Duetoitssize,weonlypresentthelinearsixqubitstateinnumericalform,uptosome

normalizationfactor.
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Thisstateisalsopureanduniquelydeterminedbyitstwo-bodynearest-neighbour

marginals,whilestillretainingthedesiredproperties,namelythestateshouldbegen-

uinelymultipartiteentangledandtheentanglementshouldbeprovenfromtheseparable

nearest-neighbourtwo-bodymarginalsonly.

Configuration Tr[ρW] Pure

4-QubitConfigurations

−3.15·10−3 No

−3.56·10−3 Yes

5-QubitConfigurations

−1.13·10−3 Yes

−1.31·10−3 Yes

−1.38·10−3 Yes

6-QubitConfigurations

−2.01·10−4 Yes

−2.56·10−4 Yes

−2.92·10−4 Yes

−3.80·10−4 Yes

TABLEIII:Testedstateswithvariousconfigurations.Allstatesareuniquelydeterminedby

theirknowntwo-bodynearest-neighbourmarginals.
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APPENDIXA2

Weprovidehereadetaileddescriptionofourimplementationofthetwosemidefiniteprob-

lems.ThetwomainPython2.7modulesusedwerenumpyandcvxopt,forbasicnumerical

operationsandconvexoptimization.Togreatlysimplifythecode,weusedapythonwrapper

calledPicos[43]whichalsohelpswithcodereadability.Finally,thesolverwedecidedtouse

ismosek7,chosenforitsmuchfasterruntimes,comparedwithregularopen-sourcesolvers,

suchascvxanddsdp.

Theproblemoffindinggenuinelymultipartiteentangledstateswithseparabletwo-body

nearest-neighbourmarginalswassplitintotwoSDPs,a”statesolver”,whoserolewastofind

anoptimalstateρforagivenwitnessW,anda”witnesssolver”whichprovidedanoptimal

witnessforagivenstate(withwhichthegivenstatewouldobtainmaximalviolation).

Anexampleofstatesolverfor3qubits(forbrevity)isgivenhere.

1def StateSolver(n,W):

2 P=pic.Problem()

3

4 Rho=P.add variable(’Rho’,(n,n),’hermitian’)

5 W =pic.new param(’W’, W)

6

7 P.add constraint(pic.trace(Rho)==1)

8 P.add constraint(Rho>> 0)

9

10 P.add constraint(pic.partialtranspose(pic.partialtrace(Rho

,0,(2,2,2)))>>0)

11 P.add constraint(pic.partialtranspose(pic.partialtrace(Rho

,1,(2,2,2)))>>0)

12 P.add constraint(pic.partialtranspose(pic.partialtrace(Rho

,2,(2,2,2)))>>0)

13

14 P.set objective(’min’,(Rho|W))
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15 sol =P.solve(solver=’mosek7’,verbose=False)

16

17 RhoARM=np.array(Rho.value)

18 returnRhoARM

Lines2-5initializethepicosproblemanddefinethevariableRhoandparameter W.

Thestatesandwitnessesarestoredincsvfilesandimportedintothemainprogramwhen

needed.Theconstraintsuponthestateareenforcedinlines7-12,bothtoensurethatRho

isstillavalidquantumstateandthatitsthreepossibletwo-bodymarginalsareseparable

(conditionimposedherethroughthefactthatthepartialtransposeofRhoshouldbepositive

semidefinite).Lines14-18settheobjectiveoftheproblemasminimizingthetraceofRho

andW,choosemosek7asthesolverandreturnRhoasanumpyarray.Unfortunately,atthe

timewhenthecodewaswritten,thepartialtransposeandpartialtracefunctionswerenot

properlyimplementedinPicos,suchthattherathercumbersomefunctionnestinghadtobe

usedintheconstraints.

Theprogramforwitnessoptimizationissomewhatsimilar.

1def Witness Optimizer(n,interact basis,state):

2 P=pic.Problem()

3 Rho=pic.newparam(’Rho’,state)

4 I =pic.newparam(’I’,cvx.matrix(np.eye(8)))

5

6 W=P.add variable(’W’,(n,n),’hermitian’)

7 Q1=P.add variable(’Q1’,(n,n),’hermitian’)

8 Q2=P.add variable(’Q2’,(n,n),’hermitian’)

9 Q3=P.add variable(’Q3’,(n,n),’hermitian’)

10

11

12 P.add constraint(pic.trace(W)==1)

13

14 P.add constraint(Q1>> 0)

15 P.add constraint(Q2>> 0)
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16 P.add constraint(Q3>> 0)

17

18 P.add constraint((W− pic.partialtranspose(Q1,(2,2)))>> 0)

19 P.add constraint((W− pic.partialtranspose(pic.partialtranspose(

Q2,(4,4)),(2,2))) >> 0)

20 P.add constraint((W− pic.partialtranspose(pic.partialtranspose(

Q3,(8,8)),(4,4))) >> 0)

21

22 P.set objective(’min’,(Rho|W))

23

24 P.solve(solver=’mosek7’,verbose=False)

25

26 returnnp.array(W.value)

SinceweareconsideringafullydecomposablewitnessW =PM +Q
TM
M ,weneedthree

extraparameters,definedinlines7-9.Thefactthatwerequirethetraceof Wtobeequal

tooneandthatPM ≥0andQM ≥0resultintheconditionsfromlines12-20.

Ifonewishesforthewitnesstocontainonlyinformationaboutthenearestneighbour

marginals,onecansimplyimposetheconditionthat

Tr[Wσ⊗σ⊗σ]=0,

whereσ⊗σ⊗σstandforallpermutationsofPaulimatricesandidentitymatrices,excluding

thebasisthatoneisinterestedin(forexampleσx⊗σx⊗1).

Finally,aremarkabouttherunningtime. Eventhoughitishighlydependentonthe

hardwareconfiguration,onatypicaldesktopcomputerthefourqubitprogramsranfor

around15minutes,thefivequbitconfigurationstookclosetofourhoursandthesixqubit

configurationsrequiredroughlyonefulldayofruntime.
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APPENDIXB
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TABLEIV:Plots(forneutralkaons)fortheminimalandmaximaleigenvaluesofthe

CHSHeffectiveoperator,representedhereinblue(darkgray),forcertainvaluesofthe

CP-violationparameter.Thered(lightgray)linesrepresenttheclassicallimitsofthe

CHSHinequality.ThesettingsareforbothAliceandBobmeasuringatdifferenttimes,for

exampleA(0,t)meansAlice’sfirstmeasurementismadeatτ=0andthesecond

measurementatτ=t,wheretisaplotparameter.
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Alice(0,t,t),Bob(t,t,0) Alice(0,t,2t),Bob(0,2t,t)

0

0.00 0.02 0.04 0.06 0.08 0.10
6

4

2

0

2

4

6

t108s

S
C
G
ef
f
ei
g
e
n
v
al
u
es

0.00 0.02 0.04 0.06 0.08 0.10
6

4

2

0

2

4

6

t108s

S
C
G
ef
f
ei
g
e
n
v
al
u
es

10−2
0.00 0.02 0.04 0.06 0.08 0.10
6

4

2

0

2

4

6

t108s

S
C
G
ef
f
ei
ge
n
va
l
ue
s

0.00 0.02 0.04 0.06 0.08 0.10
6

4

2

0

2

4

6

t108s

S
C
G
ef
f
ei
ge
n
va
l
ue
s

0.2

0.00 0.02 0.04 0.06 0.08 0.10
6

4

2

0

2

4

6

t108s

S
C
G
ef
f
ei
ge
n
va
l
ue
s

0.00 0.02 0.04 0.06 0.08 0.10
6

4

2

0

2

4

6

t108s

S
C
G
ef
f
ei
ge
n
va
l
ue
s

TABLEV:Plots(forneutralkaons)fortheminimalandmaximaleigenvaluesoftheSCG

effectiveoperator,representedhereinblue(darkgray),forcertainvaluesofthe

CP-violationparameter.Thered(lightgray)linerepresentstheclassicallimitoftheSCG

inequality.
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